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PREFACE

During the twelve years that the author specialized on

aerodynamics, many experiments were made to test various

theories, and a considerable number of mathematical formulas

were developed by him to explain phenomena as observed in

research and flight tests. The results have appeared in more

than seventy-five publications (listed in the Appendix of this

volume). These many separate papers were written without

a uniform viewpoint, and the earlier papers lacked the benefit

of important data that developed later, consequently it now
seems advisable to present the most useful portions of that

extensive material for publication as a coordinated volume.

At this later date, it has been found practicable to simplify

some of the earlier mathematical expressions; also, the pro-

gressive development for formulas, which was necessary to

establish their value originally, is no longer essential where

such formulas have since been accepted for general use. Fur-

thermore, at this time it becomes practicable to devote more

attention to the applications of the formulas rather than their

derivation, together with comments on their relation to other

theories
;
in fact that is the primary purpose of this book.

The short, simple formulas that are coming into use by

aircraft designers can be employed to far better advantage

by an understanding of the fundamental principles from which

they have evolved. The manner of presenting herein the

fundamentals of fluid dynamics as a digest of the theories

that have withstood the test of time and trial, has in view the

usefulness particularly for teachers, students of aeronautical

engineering, and the designers of airplanes and airships.

Our knowledge of air motions is still very imperfect and

chiefly the product of direct experience; even the results of
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research experiments are often difficult to grasp. Nor is our

theoretical knowledge really very wide However, there are a

few simple relations that are exceedingly practical, and actually

having so few, we should be eager to retain and use them.

Because we are largely dependent on tests, there is even a

greater need at this time for systematizing the immense amount

of empirical information into a form suitable for persons en-

gaged in this rapidly developing science. It is the author's

earnest hope that this work will prove useful in disseminating

a clearer conception of available knowledge relating to air

motion in its application to flight phenomena.
It is pleasant duty to express thanks to Mr. Frederick N.

Esher for most valuable assistance in pointing out errors in

the manuscript, checking the mathematics, and providing the

solutions to the problems in the text, as well as general sug-

gestions leading to improvements in the book.

Washington, D. C, MAX M. MUNK.

February 4, 1929.
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SYMBOLS USED IN THIS BOOK

A = constant factor.

a = distance.

B = constant factor.

b = span of wing.

C = constant factor.

C with subscript
=

coefficient, see subscript.

D = diameter, symbol of differentiation, drag.

CD= drag coefficient.

c = chord of wing.

e = subscript effective.

F =
function, potential function.

/ with subscript
= factor.

CF= friction coefficient.

G = function.

g = subscript geometric.

E = function.

h = biplane gap.

i = subscript induced.

/ = moment of inertia.

K = volume of apparent mass.

k = volume factor of apparent mass.

L = lift, characteristic length.

CL= lift coefficient.

M = moment or couple of forces.

Mm= momentum.

Cp torque coefficient of propeller.

R = radius vector in polar coordinates,

S = area, wing area, airship cross-section.

s = length.

T = kinetic energy, thrust.

Cr= thrust coefficient.

U ~ velocity, tangential velocity.



xii SYMBOLS USED IN THIS BOOK

u = velocity component.

V = velocity, velocity of flight.

D velocity component.

w = velocity component.

x, y, z = space coordinates.

z complex variable.

GREEK LETTERS

a, |3, S, t = angles.

a = angle of attack.

77
=

efficiency.

p = modulus of viscosity.

v = fj,/p
= modulus of kinematic viscosity.

= ordinate of mean wing section.

p = mass density.

* = velocity potential.
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INTRODUCTION

Below the maximum altitude where the atmosphere can be

navigated, the air pressure varies^ between one-half and one

atmosphere. The pressures produced by the motion of an

aircraft are much smaller and only of the order of one-hundredth

of one atmosphere. The density of air is proportional to its

pressure. Hence, the density differences in the vicinity of the

aircraft are likewise small when compared with the average air

density. They influence the air motion much less than the friction

forces between adjacent particles of air. No adequate analytic

treatment of the larger friction effects is at present possible. It

would then be unwise to complicate a general theory of the aero-

nautic air motions by including the effects of the compressibility

of air. Accordingly, this theory definitely considers air as an in-

compressible fluid. Dynamics of fluids for aircraft designers con-

stitutes throughout a special branch of hydrodynamics. The

name aerodynamics suggests a science different from hydro-

dynamics and is in so far misleading.

It is customary to divide the remaining difficulties by tem-

porarily disregarding the viscosity or internal friction of air, too.

This, however, leads to serious discrepancies between the results

obtained and the facts. It becomes necessary to modify the

results and to bring them into better agreement with fact before

applying them. This can only be done for certain classes of

problems. These are the cases where the air flow is particularly

regular and smooth. Small friction losses are a feature of such

flows, and this is the reason why almost all flow problems arising

in connection with aircraft design lend themselves to the pro-

cedure indicated.

A procedure fully analogous is followed in the study of mo-

tions of solids. There, too, the elasticity of the solids must be

3
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definitely disregarded as being immaterial for the result. The

subject is then likewise divided into theoretical dynamics, treat-

ing with frictionless solids and failing to yield correct results,

and into a method for correcting the result, whenever that is

possible. There are also criteria for the possibility of such cor-

rection, indicating whether the phenomenon is merely modified

by friction or entirely governed by it. In hydrodynamics, un-

fortunately, reliable criteria of such kind are almost entirely

lacking.

Furthermore, theoretical dynamics of solids forms the basis

of theoretical hydrodynamics. The fluid is regarded as being

composed of infinitely many infinitely small particles, the mo-

tion of each of them being governed by the fundamental laws

found for the motion of solids. An intimate familiarity with

these laws, though not a broad knowledge, is indispensable for

the understanding of the principles of hydrodynamics. The

student should be fully acquainted with what follows imme-

diately.

With solids in equilibrium, all forces are occurring in pairs

of two forces of equal magnitude acting along the same straight

line, but in opposite direction. We arrive at single forces by the

stratagem of introducing a fictitious closed surface, for instance,

the surface of a solid. We consider now those forces only that

are acting one way through the surface, for instance, only those

acting on the solid from without. So, with a weight supported

by a table, we consider the gravity force exerted on the weight,

but not the one exerted by the weight. Further, we consider

the support of the table, but not the pressure on the table. The

weight is then in equilibrium if and only if the forces considered

possess a vanishing resultant.

We proceed now to dynamics, that is, to the absence of equi-

librium. The resultant of all forces acting one way through the

fictitious surface does not vanish now, but rather becomes mani-

fest by accelerating the solid hi the well-known way. This very

simple relation unfortunately has been somewhat ob^ured by
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the invention of the mass forces. The latter are merely fictitious,

and by their use the phraseology of statics (theory of equilib-

rium) can be employed for dynamical problems (without equi-

librium). A fictitious equilibrium is established where there

actually is none. The acceleration consumes the resultant force;

the mass force would neutralize it. Consider a lia-mmer whirled

around on a string. The tension of the string is by no means

neutralized by the centrifugal force of the hammer, but the

former actually comes into effect and causes the hammer to

deviate from the straight path.

Referring to the textbooks on mechanics for further eluci-

dation on dynamics of solids, we enter at once into our particular

subject.



CHAPTER I

THE CLASSICAL PRINCIPLES OF HYDRODYNAMICS

1. Outlook

We shall discuss the principles of hydrodynamics only so

far as is necessary for the understanding of the applications we
are going to make. We shall see how the invention of the velocity

potential relieves the investigator from the consideration of all

forces, pressures, and accelerations throughout the fluid, and

how the potential can be determined to represent a motion of

an incompressible fluid.

This potential again is only the representative of a pressure
that may have put the fluid into its motion, and it stands for the

fact that pressures have actually put it into motion. Each small

particle of the fluid, floating in the remainder of the fluid, ex-

periences a buoyancy in accordance with Archimedes' law, which

accelerates it but does not change its moment of momentum
with respect to its own center of gravity. This moment of mo-

mentum, then, remains zero at all times, if it was so at the

beginning. The potential expresses this absence of the particles'

own moment of momentum, of their rotation as it is called.

The mathematical expression of these principles will bring
them out more clearly than common language.

2. Notations

We have first to review the common notations and to intro-

duce a sinipUfying way of writing derivatives. Let x, y t
and z

denote the Cartesian space coordinates at right angles to each

other, and u, v, and w the velocity components parallel to them.
Let / denote the time, p the pressure, -and p the mass of one unit

of volume of the fluid. We Shall have to consider two different" "
"

6
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kinds of derivatives. In the first we fix attention to one par-

ticular point in space, paying no regard to the fact that its place

is occupied by various fluid particles one after the other. We
merely observe the changes going on at the considered point

and the differences of the value of quantities at that point and

at others near by. The derivatives resulting from such attitude

of observation, considering the space ordinates and time as in-

dependent variables, are called local derivatives, as for instance,

dv/dx; and we are going to write them v e,
etc. The symbol v t

or dv/dt is not the component of acceleration of the particle,

but the rate of change of the velocity at a certain point (not of

a certain particle).

The other way is fixing our attention to individual fluid

particles, following them as they flow along. The rates of change

occurring for individual particles are called absolute derivatives,

and may be denoted by using a capital D as differentiation

symbol, thus Dv/Dt which expression is the acceleration com-

ponent of the particle in the direction of the y axis.

We introduce at last the so-called "rotation" of each par-

ticle. This is twice the value of its mean angular velocity, or

better said, twice the ratio of its moment of momentum to its

moment of inertia, both with respect to its own center of gravity.

The components of the rotation are accordingly

uy i)x; 11, wy; and wx ua.

is indeed the angular velocity of a line element made of par-

ticles parallel to the y axis, and - v x the same, parallel to the

x axis. Their sum can, therefore, be said to represent twice the

average component of the angular velocity of the particle.

The magnitude of the rotation, so computed, does not depend

on the choice of the direction of the axes of coordinates. This

follows from the assumption that the differences of the velocity

components at different points approach proportionally to the

differences of the coordinates of these points, as they become

small. This assumption, without being particularly true, is an
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idealization particularly practical, and in some form is the basis

of most mathematical investigations of physical problems. The

mathematics of the proof that the one follows from the other is

simple and somewhat trivial and out of line with our major de-

velopment. It may, therefore, be left to the reader.

With the above notations we have the relation

Du/Dt ut+ u ua+vuy+ w u, (1)

and two similar relations for Dv/Dt and Dw/Dt. This relation

expresses that the acceleration, the rate of change of velocity of

one individual particle, is made up of two parts. The first part

is the time-rate of change of the velocity at the particular point

hi question. The other part is the rate of change the particle

experiences from traveling into a region of higher (or lower)

velocity. In the y direction, it advances by the distance v per

unit of time. The local rate of change per unit distance is u v .

Hence, the product, v u v is the rate of change per unit of time,

and similarly with the other terms.

We dismiss gravity from the very first. Its effect is counter-

balanced by the well-known upward pressure decrease of the

atmosphere. We rather measure all pressures relative to the

pressure of the air at rest at that point, and by so doing save our-

selves the trouble of dealing with any external forces acting on

the air. The only remaining force to which each particle is

subjected is the effect of the pressure. This force is zero if the

pressure is equal at all points. It is generally variable, however,

and then each particle experiences a buoyancy force equal to

its volume multiplied by the so-called gradient of the pressure.

The components of this gradient are p vi p vt and p,,

respectively. This expression for the buoyancy can easily be

obtained from the contemplation of a small box with the sides

dx, dy, and dz. dx dy dz p is directly seen to be the excess

force on the two outer surfaces with the sides dy and dz. This is,

therefore, the component of the buoyancy at right angles to the

two faces.
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3, Absence of Rotation

After this list of notations, definitions, and trivial transfor-

mation equations resulting therefrom, we proceed to prove that

the rotation remains zero once it was so. This absence of rota-

tion will prove an enormous simplification of the mathematical

treatment of our problems. We start by applying Newton's

law to the acceleration of one fluid particle and the force acting

on the particle.

Du/Dt= U t+UUx+ VUV+ W14g = pa/p (2)

and two similar equations for the y and z direction.

We next write down the absolute rate of change of the rota-

tion component u y z^expecting to find it to be zero.

D(uv
- vx)/Dt = B(uy

- vx)/dt+ u d(uu
-

vd(uv - vx)/dy+ wd(uv v^/dz (3)

We assume ( v a) to be zero at all points at one moment,
and examine whether it will remain zero at the next moment.

This assumption makes the last three terms of equation (3)

zero and it remains only

D(uy
- va)/Dt = d(uv

- vx)/dt
= dut/dy

-
dvt/dx (4)

We transform now the right-hand side of equation (2) by making

use of u v
= v m,

which is equivalent to u v v x = 0. We obtain

* - p*/p (5)

(6)

and in the same way

Hence, substituting this into (4), we obtain finally

D(uv
- va)/Dt =

-
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That would ordinarily prove the proposition. This proof is a

specialization of the proof of a more general theorem about the

rotation, as it was originally given by Helmholtz, and shows how
the proposition was obtained. The rotation is assumed to be

zero at all points, but at the present time only. Its rate of

change follows then to be zero. From a very rigid mathematical

viewpoint this now does not prove the absence of rotation but

is a necessary condition only. We will confine ourselves to this

most important part of the proof, which is too abstract already

for the aim of this book, and refer the mathematically interested

reader to the treatises on hydrodynamics. We others accept

the theorem on the credit of the many great mathematicians who
examined it and found it correct.

4. Velocity Potential

We merely integrate equation (6) with respect to /,

t (8)

The expressions for v and w corresponding to equation (8) are

formed by replacing x by y or 2, since the integral itself is sym-
metrical with respect to the three coordinates.

We see now from equation (8) that there is a quantity exist-

ing throughout the flow, different in general from point to point

and from time to time, of which the velocity is the gradient.

The velocity is a gradient. That is something we could not see

beforehand, for not every velocity distribution can be represented

as a gradient. On the contrary, the velocity distribution of all

points of a turning flywheel, for instance, cannot. Also, the vis-

cosity of air causes the actual flow to deviate slightly at least

from a flow that can be represented as a gradient. But under the

assumptions made, velocity is actually a gradient of some other

quantity. This quantity, the integral in equation (8), is called

velocity potential in analogy to the gravity potential and the

magnetic and electrical potential, which require the same mathe-
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matical treatment as the velocity potential. It will be denoted

by 4>.

The air flows of the aeronautic problems are then found to

be potential flows, and conversely, the existence of a potential
of a flow specifies the flow as complying with some of the assump-
tions made for these flows.

^6. Physical Meaning of the Velocity Potential

The physical interpretation of the velocity potential is very

important for the understanding of its applications. We suppose
the air flow to be created from rest by a constant pressure dis-

tribution existing during a short time interval dt only. This

pressure must be very large, accordingly, and hence the first

term in the integral (8) can then be neglected when compared
with J>/p. This integral appears to be an impulsive pressure,

analogous to the impulse of a hammer blow, say, that is not

measured by the magnitude of the exerted force, but by the

time integral of this force. The velocity potential is accordingly

seen to be the quotient of the density into the impulsive pressure

distribution necessary to bring the flow to a .stop. Regarding
such interpretation of the potentiaj, as standing for^the creating

impulsive pressure, will make self-evident the chief relations we
have to use.

6. Air Pressure

For 2 + 2 + wz
,
we can write V* where V is the magnitude

of the velocity. Equation (6) therefore can be written

Pa/p
=

t+ %(V*)x (9)

Integrating this equation with respect to dx, we obtain

_ p = v*p/2 + PT-. / dk = V*p/2 + p$t+ const. (10)
Of /

This is an important and very simple relation between the

pressure, the velocity, and the rate of change of the potential.

Most problems of the aircraft designer deal with steady flows.
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That means the conditions remain always the same at each

particular point, and local derivatives with respect to time are

zero. Equation (10) becomes then even simpler.

p+ V*p/2 = constant (11)

This expresses Bernouilli's theorem about the pressure. It says,

that in a steady potential now, the pressure throughout the fluid

depends on the velocity only, under the assumptions made.

The points of large pressure are the ones of small velocity. The

points of maximum pressure are the points of the velocity zero.

This very simple relation admits of direct proofs in special

cases. Along one streamline it can be directly deduced from the

momentum theorem or from the energy theorem, For, the pres-

sure is the transported energy per unit of delivered volume.

The relation is easiest seen with water flowing out of a small

aperture of a container which is filled to a height h over that

opening. The kinetic energy of the water is then equal to the

work performed by gravity through the height h. The pressure

height at the level of the aperture is equal to the pressure of a

water column of the height h. The velocity at last is equal to

the velocity of free fall corresponding- to the same height. This

gives exactly Bernouilli's relation, and it must be realized that

the pressure of the mentioned magnitude only exists at points

distant from the aperture, where the velocity of flow is prac-

tically zero. In the jet itself is atmospheric pressure.

Bernouilli's theorem expresses more than that the sum of

equation (11) is constant along each streamline. It says that

under the assumptions made, the constant of this equation is

the same throughout the entire flow.

In view of the importance of Bernouilli's equation (5), its

left side has received a name and is called "total pressure."

The term 72
p/2 is called "dynamic pressure," being the part

of the pressure arising from dynamic effects. The pressure .p

itself is then called "static pressure" to distinguish it from the

dynamic pressure.
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This must not be misunderstood. Of course, at each point,

there is only one pressure existing, p, the static pressure. Each

particle is under the action of the adjacent particles, measured

by the static pressure. The dynamic pressure is something ob-

tained by reasoning and of fictitious existence only.

Some confusion has arisen about this plain relation from the

fact that certain methods of measurement yield the total pres-

sure rather than the static pressure. That strengthens a mis-

conceived notion about the reality of the total pressure. It is

true, a measured pressure is actually existing after the proper
instrument has been inserted into the air flow, but it may not

have existed before the instrument was inserted, and our state-

ments refer to pressures in absence of any inserted instruments.

A great variety of pressures can indeed be obtained by inserting

various instruments, but none of these pressures should be as-

signed to the undisturbed flow.

7. Condition of Incompressibility

The flows of incompressible and of compressible fluids may
equally well possess a potential. It remains to express the

mathematical limitation to the potential expressing that the

velocity distribution represented by it is the velocity distribu-

tion of an incompressible fluid. The condition of incompressi-

bility as such is again independent of the existence of the velocity

potential, it is independent of any dynamic relation and holds,

therefore, equally for viscous and unviscous fluids. We proceed

to express in mathematical terms the purely kinematic condition

of incompressibility with the intention to combine it later with

the dynamic conditions, which means to apply it to the potential.

Only one particle can occupy a place at a time, and on the

other hand, no vacant spaces occur. This physical condition is

equivalent with the condition that during a short-time interval

equal volumes of fluid are entering and leaving a small box VLl-

the sides dx, dy, and dz. These latter denote again the <

entials of the Cartesian space coordina** A * af
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angles to each other. Denoting again by u, v, and w the velocity

components parallel to x, y, and z, # is the average difference

of the velocity components normal to the two opposite faces

at right angles to the x axis, hence u x dx dy dz is the volume of

the fluid leaving the box through one of these two faces in excess

to the volume entering through the other face, all per unit of

time. Hence u x + v u -{- w e is the entire excess flow per unit

volume and per unit time. Our kinematic condition is expressed

by putting this "divergence" zero. The equation of continuity

for an incompressible fluid is accordingly

+wt
= du/dx + dv/dy+ dw/dz - (12)

It is called equation of continuity because it expresses that the

space is continuously filled at all times. Equation (12) is the

desired expression for the kinematic condition of incompressi-

bility. If a velocity potential exists, the velocity components
can be expressed:

u = &x; v = $; and w = $B .

Substituting this into equation (12) gives the combined expres-

sion

=
(13)

called Laplace's equation.

Any flow having a potential complying with Laplace's equa-

tion is in keeping with both our kinematic and our dynamic
conditions. No further check of any kind is needed. The flow

is entirely determined by equation (13) together with the special

kinematic conditions on the surface of the solids creating the

flow. This latter means that the air must move in such a way
as to accommodate at all times the moving solids.

This concludes the derivation of our two fundamental equa-

tions, (10) and (13). Their application will become clearer as

our work progresses. Their meaning too, and some interposed

remarks on Laplace's equation may prove profitable as a prepara-
tion for the later application.
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Laplace's equation is a partial differential equation, for it

contains derivatives with respect to more than one variable.

The time does not occur at all, but still 3> may vary with time

too. The absence of t in the equation merely indicates an un-

steady flow to consist successively of flows each of which might
exist as a steady flow.

With partial differential equations, now, the problem to find

the general solution subordinates itself to the problem how to

specialize the solution for the boundary conditions in question,

in our case for the conditions on the surface of the solids. We
shall restrict our investigation to very simple surfaces, chiefly

to the straight line in a two-dimensional flow. This line is the

representative of a plane strip with the flow equal in all planes

at right angles to it and no velocity component parallel to it.

Our solution will appear as an infinite series, each term of which

being by itself a solution of the differential equation. This is

possible because the sum of any solutions of equation (13) each

multiplied by any constant is again a solution, as can easily be

seen by substituting such sums into equation (13). All we do

is to write down an expression that satisfies the differential equa-

tion (13) at all points except at the points of the straight line.

That expression contains a parameter and is either found in the

mathematical literature, or worked out by intuition, analogy,

and trial. Inserting consecutive integers for the parameters,

multiplying each time with a constant, and simmiing up all

products gives then the solution, and we shall see in our case

that the expression is of such nature as to make it easy to find

the correct constants.

8. Kinetic Energy, Momentum and Apparent Mass

We return to the consideration of the flow and finish the list

of principal conceptions we are going to use. The impulsive

pressure necessary to create the flow and represented by the

velocity potential is most directly connected with the main

conceptions referring to such flows. The resultant of this im-
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pulsive pressure over the surface of the solid creating the flow

is an impulsive force, or an impulsive couple. These are forces

or couples of very large magnitude acting during a very short

time interval, measured by their time integral. During the short

creation of the flow the solid is moving through a short path.

Hence, mechanical work is performed. This work is transferred

to the fluid and is stored there as kinetic energy of flow. The
fluid can also be said to have absorbed the impulsive force and

to contain it as momentum of the flow, or the impulsive couple

and contain it as moment of momentum.
This leads directly to expressions giving the kinetic energy

and the momentum of the flow in terms of its potential. Let dn

be a linear element at right angles to the surface of the solid

drawn outward. The final velocity component of the flow at

right angles to the surface is then d3?/dn, and the impulsive

pressure p$ acts through the distance %(d$/dn)dt, in creat-

ing the flow.

The work performed all over the surface is, therefore,

T =

which integral is to be extended over the entire surface of the

solid consisting of all surface elements dS. The expression

under the integral contains the mass of the element of fluid

displaced by the surface element per unit of time, each element

of mass multiplied by the velocity potential.

The component of the momentum in any direction results

in a similar way to be directly equal to

that is, to the integral of the potential with respect to the pro-

jections of the surface elements in the direction of the com-

ponent multiplied by the density. It is often more convenient

to compute the component of momentum, parallel to the motion

of the solid, from the kinetic energy (14). The equation is then
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the kinetic energy is half the product of the momentum and of

the path through which it is produced. The analogy between

these simple relations and the equations for the motion of one

solid particle is carried on further by the introduction of the

"apparent mass." The potential, and hence also its derivative

in (14), is directly proportional to the velocity at which the solid

is moving. Hence, the kinetic energy is proportional to the square

of the velocity; it is the product of this square by the density

and by an expression depending on the geometric dimensions of

the solid only, the expression of a certain volume. The effect

of the fluid surrounding the solid is, therefore, fully described

by assigning to the solid a mass in addition to its original or

actual mass. This mass is properly called additional apparent

mass, and is the mass of the additional apparent volume if filled

with the fluid by which the solid is surrounded. This apparent

volume may be denoted by K, its magnitude is

K=T/(V*P/2) (16)

There is, however, one important difference between the mass

of a particle and the apparent mass of a solid. The former is

the same for all directions of motion, the latter is not necessarily.

This follows from the fact that the momentum of flow is not

necessarily parallel to the direction of motion of the solid giving

rise to the flow. This complicates the kinematics of a solid in

a perfect fluid somewhat, and makes it in some ways similar to

the kinematics of a gyroscope, which latter possesses, in general,

different moments of inertia with respect to different axes.

9. Synopsis

The air flows in aeronautics have a potential, complying

with Laplace's equation.

The solution of a problem requires the determination of this

potential such that the represented flow is in keeping with the

motion of the solids.
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The velocity at each point is the gradient of this potential.

The pressure at each point is given by Bernoulli's equation, if

the flow is steady; otherwise an additional term must be added.

The air forces are computed from the pressures by integration.

The use of the kinetic energy of the flow, its resultant momentum,
and the apparent mass of the solid will save useless repetitions

of some of these steps, thereby simplifying the solution.

10. Problems and Suggestions

1. Examine whether the potential A/\/x* H- y* + z~ of

the point source complies with Laplace's equation. How docs

the velocity vary along the line y = 0, z 0?

2. The velocity components of a two-dimensional flow are

Ay Ax

Is this a flow of constant density? Is it a flow of zero rotation?

3. The velocity potential Ax + By + Cz + D represents a

parallel flow of constant velocity, independent of the value of D.
How large is the velocity?

4. The derivative $ B of a solution $ of Laplace's equation is

again a solution.

5. The magnitude of the velocity component u of a potential
flow of constant density is the velocity potential of another flow
of constant density.

6. Apply the last theorem to the potential in Problem 1,

and describe the resulting flow.

Ax
17 ' * "*

2 . 2 , 2
+ Sx represents the flow resulting whenX -f- y + a,

a sphere of the radius VA/B is placed in a parallel flow.

8. Compute the dynamic pressure corresponding to the

velocity of flight of 120 ft./sec. in air of a density 1/420 Ib. sec*

per ft
4

.

9. 3ii Problem 7 the velocity at a large distance from the

sphere is B. The maximum velocity at the surface of the sphere
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is at the points x = 0; y~ + s
2 = A/B. How large is this maxi-

mum velocity? Its ratio to the velocity of flow at a large dis-

tance is equal for all spheres and velocities.

10. Compute the lowest pressure at the surface of the sphere

in the last problem for the velocity of flow 60 ft. /sec. and the

density of air 1/420 Ib. sccVft
1
.

11. $ = x/(x-+ y
z
) represents the two-dimensional flow

created by a circular cylinder with the radius 1 moving with

the velocity 1. The radial velocity component at the surface

of the cylinder x2 + y
a = 1 is #. The kinetic energy per unit

length of the cylinder of flow outside the cylinder is -fxtds,
Zt

this integral to be taken around the circle x z
4- y

2 = 1 with the

elements of periphery ds. Hence, the volume of apparent

additional mass of the cylinder is equal to its volume.

12. The apparent additional mass of a sphere is half its

volume. A sphere of specific gravity 2 is falling within a perfect

fluid of the specific gravity 1. How large is its acceleration of

fall?



CHAPTER II

THE AERODYNAMIC FORCES ON AIRSHIP HULLS

11. Outlook

It is to the airship hull as a solid creating a pure potential

flow that the chief application of hydrodynamics in its classical

state is made. We -shall express all air forces and their distribu-

tion by means of the apparent mass of the solid.

At first we consider the hull as a whole and find the resultant

momentum to be directly proportional to the transverse com-

ponent of the momentum of the flow, and this in turn directly

proportional to the difference of the apparent masses of the hull

in the two main directions. The relation is then generalized to

include the motion along a circular path.

We next assume the hull to be very elongated, so that the

transverse flow becomes two-dimensional. This leads to a simple

formula about, the distribution of the transverse air force, con-

taining the apparent mass of the cross-section, the area of which

is equal to the cross-section itself in case of a circular cross-

section.

The same two-dimensional flow is used for deriving the pres-

sure distribution around the cross-section not too dose to the

bow. ,The pressure distribution over the bow is discussed through
the pressure distribution over an ellipsoid, again expressed by
means of its apparent masses.

Thus all questions are covered. The chapter is completed

by remarks referring to the application of the theory.

12. Resultant Airship Force in Straight Motion

Airship hulls moving through the air give rise to an air flow

well approximated by a potential flow. There may be a large
20
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resultant moment of the air forces, but only a comparatively

small lift and drag. The bulk of the lift of airship hulls is pro-

duced by the fins. We can, therefore, successfully apply the

theory of potential flows to the investigation of the air flow

around airship hulls. With wings the conditions are different

as there is a considerable lift. Therefore, the discussion of the

chapter does not directly apply to wings.

We proceed to express the resultant moment by means of

the volumes of apparent mass of the hull and have to begin

with the discussion of the momentum of the flow. This resultant

momentum is generally not parallel to the direction of motion

of the solid. There are, however, always at least three axes of

the solid, mutually at right angles to each other, so that motion

and momentum are parallel if these axes are turned into the

direction of motion. For airship hulls this follows directly from

their symmetry. We dispense, therefore, with the general proof;

it can be based on the geometric proposition that all quadrics

have at least three axes of symmetry mutually at right angles

to each other.

Let now the solid proceed in any orientation with respect

to the direction of motion, and divide the velocity of flight into

three components parallel to the main axes mentioned before.

Let these components of the velocity of flight be u, v, and w.

Let further KI, K%, and Kd denote the volumes of apparent

mass of the solid when moving parallel to the main axes. Then

puKi, pvKz ,
and ffwK& are the resultant momenta for the

solid moving parallel to its main directions. These are also the

components of the momentum for the general motion having

the components u, v, and w. Otherwise expressed, themomentum

can be built up of components just as the velocity can. This

follows directly from the superposition theorem of the potential

and from the definition of the momentum.

The motion may now take place at right angles to one of the

axes. One component of the momentum is then zero, and the

momentum is in the plane of the two main axes of motion. Its
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components are puKi and pvK2 . The component of this

momentum at right angles to the motion is then found by the

rules of geometry:

*- /7L *<*'-*'>V + &

Introducing the angle a between the direction of motion and one

axis of the solid, this can be written:

Mi = (Fp/2) (K2
- *0 sin2a (1)

We have thus derived the magnitude of the transverse com-

ponent of the momentum, that is to say, the component at

right angles to the direction of flight. That is almost all that

is necessary for the derivation of the final result. It can easily

be seen that in case of steady motion the desired moment of the

air pressures is directly proportional to the transverse momentum
of the flow. The moment of this momentum with respect to

a point fixed in space increases continually by the product of

the momentum and the path traveled, and an equivalent force

must act on the hull. While the hull is proceeding, the trans-

verse momentum at one point is continually aiinihilated and

replaced by another of the same magnitude and direction placed
further ahead so as to keep its position relative to the hull.

This requires a couple equal to the product of the transverse

momentum and the velocity of flight. Hence, it appears that

an airship hull, flying steadily under the angle of attack a with

the velocity of flight V experiences a resultant couple of the

magnitude

M = (F
2
p/2) (K2

- Ki) sin2a (2)

KI and Kz denote the volumes of apparent mass with respect

to the longitudinal and transverse main axes of the hull. This

moment is unstable; it tends to increase the angle of attack.

The bow, when turned up, presses the air down and hence is

itself lifted up. Each hull requires, therefore, fins for stabili-

zation.
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Airship hulls are often bounded by surfaces of revolution.

In addition, they are usually rather elongated, and if the cross-

sections are not exactly round, they are at least approximately
of equal and symmetrical shape and arranged along a straight

axis. Surfaces of revolution have, of course, equal transverse

apparent masses; each transverse axis at right angles to the axis

of revolution is a main direction. For very elongated surfaces

of revolution a further important statement may be made re-

garding the magnitude of the longitudinal and transverse ap-

parent mass. When moving transversely the flow is approxi-

mately two-dimensional along the greatest part of the length.

The apparent additional mass of a circular cylinder moving at

right angles to its axis will be shown to be equal to the mass of

the displaced fluid. It follows, therefore, that the apparent

transverse additional mass of a very elongated body of revolu-

tion is approximately equal to the mass of the displaced fluid.

It is slightly smaller, as near the ends the fluid has opportunity

to pass the bow and stern. For cross-sections other than cir-

cular, the two main apparent masses follow in a similar way
from the apparent mass of the cross-section in the two-dimen-

sional flow.

The longitudinal apparent additional mass, on the other

hand, is small when compared with the mass of the displaced

fluid. It can be neglected if the body is very elongated or can

at least be rated as a small correction. This follows from the

fact that only near the bow and the stern does the air have

velocities of the same order of magnitude as the velocity of

motion. Along the ship the velocity not only is much smaller

but its direction is essentially opposite to the direction of motion,

for the bow is continually displacing fluid and the stern makes

space free for the reception of the same quantity of fluid. Hence,

the fluid is flowing from the bow to the stern, and as only a

comparatively small volume is displaced per unit of time and

the space is free in all directions to distribute the flow, the

average velocity will be small.
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It is possible to study this flow more closely and to prove

analytically that the ratio of the apparent mass to the displaced

mass approaches zero with increasing elongation. This proof,

however, requires the study or knowledge of quite a number of

conceptions and theorems, and it seems hardly worth while to

go through all this in order to prove such a plausible and trivial

fact for the general case.

The actual magnitudes of the longitudinal and transverse

masses of elongated surfaces of revolution can be studied by
means of exact computations made by H. Lamb with ellipsoids

of revolution of different ratios of elongation. The figures of

ki and k z ,
where K = k X Volume, obtained by him are con-

tained in Table I;
1 kz ki is computed. For bodies of a

shape reasonably similar to ellipsoids it can be approximately
assumed that (kz ki) has the same value as for an ellipsoid

of same length and volume; i.e., if Vol./Z
3 has the same value.

13. Resultant Air Force in a Circular Path

The next problem of interest is the resultant aerodynamic
force if the hull rotates with constant velocity around an axis

outside of itself. That is now comparatively simple, as the

arguments of the last section have only to be repeated. The

configuration of flow follows the body, with constant shape,

magnitude, and hence, with constant kinetic energy. The re-

sultant aerodynamic force, therefore, must be such as neither

to consume nor to perform mechanical work. This leads to the

conclusion that the resultant force must pass through the axis

of rotation. In general, it has both a component at right angles
and one parallel to the motion of the center of the body.

We confine the investigation to a surface of revolution. Let
an airship with the apparent masses Kip and K*p and the appar-
ent moment of inertia K'p for rotation about a transverse axis

through its aerodynamic center move with the velocity V of

its aerodynamic center around an axis at the distance r from its

"See page 85.
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aerodynamic center and let the angle of yaw <p be measured be-

tween the axis of the ship and the tangent of the circular path
at the aerodynamic center. The ship is then rotating with the

constant angular velocity V/r. The entire motion can be ob-

tained by superposition of a longitudinal motion V cos <p of the

aerodynamic center of the hull, a transverse velocity V sin <f>,

and an angular velocity V/r. The longitudinal component of

the momentum is Vp cos <p kr Volume, and the transverse com-

ponent of the momentum is Vp sin <p k2 Volume. Besides,

there is a moment of momentum due to the rotation. This

can be expressed by introducing the apparent moment of inertia

K'p = k'Jp, where / is the moment of inertia of the displaced

air; thus making the angular momentum

k'Jp V/r

As it does not change, it does not give rise to any resultant aero-

dynamic force or moment during the motion under consideration.

The momentum remains constant, too, but changes its direc-

tion with the angular velocity V/r. This requires a force pass-

ing through the center of turn and having the transverse com-

ponent
F t
= Ki-pcos <pV*/r

and the longitudinal component

Fi = Kz p sin <p V*/r

The first term is some kind of centrifugal force. Some air ac-

companies the ship, increasing its longitudinal mass and hence

its centrifugal force. It will be noticed that with actual air-

ships this additional centrifugal force is small, as ki is small.

The force attacking at the center of the turn can be replaced

by the same force attacking at the aerodynamic center and a

moment around this center of the magnitude

[Jf -(,- Zi) sin2 v V* P/2 (2)

This moment is equal in direction and magnitude to the unstable
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moment found during straight motion under the same angle of

pitch or yaw. The longitudinal force is in practice a negative

drag as the bow of the ship is turned toward the inside of the

circle. It is of no great practical importance as it does not pro-

duce considerable structural stresses.

It appears thus that the ship when flying in a curve or circle,

experiences almost the same resultant moment as when flying

straight and under the same angle of pitch or yaw. I proceed

to show, however, that the transverse aerodynamic forces pro-

ducing this resultant moment are distributed differently along

the axis of the ship in the two cases.

14. Distribution of the Forces Along the Axis

The distribution of the transverse aerodynamic forces along

the axis can conveniently be computed for very elongated air-

ships. It may be supposed that the cross-section is circular,

although it is easy to generalize the proceeding for a more general

shape of the cross-section.

The following investigation requires the knowledge of the

apparent additional mass of a circular cylinder moving in a

two-dimensional flow. I proceed to show that this apparent
additional mass is exactly equal to the mass of the fluid displaced

by the cylinder.

In the two-dimensional flow the cylinder is represented by
a circle. Let the center of this circle coincide with the origin

of a system of polar coordinates R and <p, moving with it, and

let the radius of the circle be denoted by r. Then the velocity

potential of the flow created by this circle moving in the direc-

tion (/>= with the velocity v is $ = vrz cos tp/R. For, this

potential gives the radial velocity component

cos <p

and at the circumference of the circle this velocity becomes
v cos <p, and this is, in fact, the normal component ,of velocity
of a circle moving with the velocity v in the specified direction.
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The kinetic energy of this flow is now to be determined.

In analogy to equation (8), Section 4, this is done by integrating

along the circumference of the circle the product of (a) the

elements of half the mass of the fluid penetrating the circle

(p/2-cos tp vrd<p), and (b) the value of the velocity potential at

that point ( v cos v r). The integral is, therefore,

,.2*

7! I COSV

giving the kinetic energy

p/2

This shows, in fact, that the area of apparent mass is equal to

the area of the circle. We are now enabled to return to the

airship.

If a very elongated airship is in translatory horizontal motion

through air otherwise at rest and is slightly pitched, the com-

ponent of the motion of the air in the direction of the axis of the

ship can be neglected. The air gives way to the passing ship by

flowing around the axis of the ship, not by flowing along it.

The air located in a vertical plane at right angles to the motion

remains in that plane, so that the motion in each plane can be

considered to be two-dimensional. Consider one such approxi-

mately vertical layer of air at right angles to the axis while the

ship is passing horizontally through it. The ship displaces a

circular portion of this layer, and this portion changes its posi-

tion and its size. The rate of change of position is expressed by
an apparent velocity of this circular portion, the motion of the

air in the vertical layer is described by the two-dimensional

flow produced by a circle moving with the same velocity. The

momentum of this flow is Svpdx, where S is the area of the circle,

and v the vertical velocity of the circle, and dx the thickness of

the layer. Consider first the straight flight of the ship under

the angle of pitch <p. The velocity v of the displaced circular

portion of the layer is then constant over the whole length of

the ship and is V sin <p, where V is the velocity of the airship
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along the circle. Not so the area S-, it changes along the ship.

At a particular layer it has the rate of change per unit time,

V cos<f> dS/dx

where x denotes the longitudinal coordinate.

Therefore, the momentum has the rate of change

V*p/2 sin2p (dS/dx)dx

This gives a down force on the ship with the magnitude

dF^dx V*p/2 sm2<p dS/dx (3)

Next, consider the ship when turning, the angle of yaw being <p.

The momentum in each layer is again

vSpdx

The transverse velocity v is now variable, too, as it is composed
of the constant portion V sin <p, produced by the yaw, and of

the variable portion Vx/r cos <p t produced by the turning, x =

represents the aerodynamic center. Hence, the rate of change
of the momentum per unit length is

ytf sb2* |+p cosV |W)
giving rise to the transverse force per unit length

or otherwise written

dF-dx(v* sin 2^ ^+T^ cosV 5+ V* cosW^) (4)\ ^ ax r r ax/

The first term agrees with the moment of the ship flying

straight having a pitch <p. The direction of this transverse force

is opposite at the two ends, and gives rise to an unstable moment.
The ships in practice have the bow turned inward when they
fly in turn. Then the transverse force represented by the first

term of equation (4) is directed inward near the bow and out-

ward near the stern.
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The sum of the second and third terms of equation (4) gives

no resultant force or moment. The second term alone gives a

transverse force, being in magnitude and distribution almost

equal to the transverse component of the centrifugal force of the

displaced air, but reversed. This latter becomes clear at the

cylindrical portion of the ship, where the two other terms are

zero. The front part of the cylindrical portion moves toward

the center of the turn and the rear part moves away from it.

The inward momentum of the flow must change into an outward

momentum, requiring an outward force acting on the air, and

giving rise to an inward force reacting this change of momentum.

The third term of (4) represents forces almost concentrated

near the two ends and their sum in magnitude and direction is

equal to the transverse component of the centrifugal force of

the displaced air. They are directed outward.

Ships only moderately elongated have resultant forces and a

distribution of them differing from those given by the formulas

(3) and (4). The assumption of the layers remaining plane is

more accurate near the middle of the ship than near the ends,

and in consequence the transverse forces arc diminished to a

greater extent ut the ends than near the cylindrical part when

compared with the very elongated hulls. In practice, however,

it will often be exact enough to assume the same shape of dis-

tribution for each term and to modify the transverse forces by

constant diminishing factors. These factors are logically to be

chosen differently for the different terms of (4). For the first

term represents the forces giving the resultant moment propor-

tional to (fa &i), and hence it is reasonable to diminish this

term by multiplying it by (fa
- h). The second and third

terms take care of the momenta of the air flowing transversely

with a velocity proportional to the distance from the aerodynamic

center. The moment of inertia of the momenta really comes in,

and therefore it seems reasonable to diminish these terms by

the factor k't the ratio of the apparent moment of inertia to the

moment of inertia of the displaced air,



Same as in strat'qht flight under pitch
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Figure 1 Diagram of the Traverse Airship Forces to be Added
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Tin1 transverse component of the centrifugal force produced

by the air taken along with the ship due to its longitudinal mass

is neglected. Its magnitude is small; the distribution is dis-

cussed in author's papers and the discussion may be here omitted.
1

The entire transverse force on an airship, turning under an

angle of yaw with the velocity V and a radius r, is, according

to the preceding discussion,

dP -
f.if (*

- k^ V* siittv+k'V^-S cosV
L (IX e. T

(5)

This expression of course does not contain the air forces on the

fins.

15. Pressure Distribution Over the Bow of the Hull

Experiments have shown'J that the pressure distribution

near the bow of an airship hull, for all practical purposes

agrees with the pressure distribution over the front of that

ellipsoid, which approaches nearest the shape of the bow, and

moves like it. This holds for all moderate angles of pitch or

yaw, not only for motions parallel to the principal axis. The

knowledge of the pressure distribution over a moving ellipsoid

is, therefore, of definite value to the airship designer.

The mathematical analysis leading to the computation of

this pressure distribution is somewhat involved, and its knowl-

edge is not essential for the understanding of the following part

of this book. Referring, therefore, to the existing textbooks on

hydrodynamics for this analysis, for instance, to Lamb's Hydro-

dynamics (Fifth Edition, Section 103 and following), we will

confine ourselves to state here a lemma, that is implicitly con-

tained in equation 114 (8) in Lamb's treatise. This lemma

commits itself easily to memory, and it is sufficient for the re-

duction of the following theorems and for the determination of

the desired pressure distribution.

* See Author
1
! Fapcn No. 19, page x?7
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"If an ellipsoid is moving with uniform velocity parallel to

one of its principal axes, say parallel to the x axis, the velocity

potential at any point of the surface can be written in the form

$=A'x (6)

where A' is constant for a given flow and a given ellipsoid."

This theorem is the key to all the relations referring to the

distribution of velocity and of pressure.

If the velocity of flow is not parallel to a principal axis, but

has components in the direction of each of them, the resulting

flow is the superposition of three flows analogous to the one

just considered. Hence, at all points of the surface, the potential

is a linear function of the Cartesian coordinates x, y, and z

again, and can be written in the form

3>=A'x+B'y+C'z (7)

where the coordinate axes are chosen to coincide with the axes

of the ellipsoid. Hence, the curves of equal potential * are again

situated on parallel planes.

Now, suppose first the ellipsoid to be at rest and the fluid

moving relative to it, as in a wind tunnel, or an airship moored

in a gale. The change from the ellipsoid moving through the

fluid otherwise at rest to the fluid passing by the stationary

ellipsoid does not affect the validity of equation (7) except

giving the constants A', B
r

,
and C' other values, say A", B",

and C". In the latter case (the body at. rest), furthermore, the

velocity of the fluid at all points of the surface is parallel to the

surface.

Consider first the elements of surface containing a line ele-

ment at right angles to the planes of constant potential, i.e.,

at the points of the ellipsoid where the plane A"x-{- B"y +
C"z = meets the surface. It is, therefore, apparent from (7)

that at all these points the velocity has the components A">

B", and C". This is evidently the maximum velocity.
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At all other points of the ellipsoid the elements of surface are

inclined towards the direction of maximum velocity, say by the

angle e. Then the elements of distance on the surface, s, between

curves of equal potential are increased in the ratio 1/cose

when compared with the actual distances between the planes of

equal potential. Accordingly, the velocity, being equal to d$/ds
is decreased inversely, its magnitude is A" cos e. It will be noted

in particular that the velocity is equal at surface elements which

are inclined by the same angle . It is equal to the projection

of the maximum velocity at right angles to the surface element.

Hence the velocity cannot exceed the one rightly denoted by
"maximum velocity," having the components A", B", and C".

Returning now to the case when the direction of flow is paral-

lel to a principal axis, we proceed to show that the maximum

velocity A' stands in a very simple relation to the kinetic energy

of the flow, and hence, to the apparent additional mass of the

ellipsoid. We have now to suppose the fluid to be at rest and

the ellipsoid to move, say, with the velocity U, parallel to a

principal axis, e.g., the x axis. The kinetic energy of the flow

set up is equal to

e/

i.e., the volume of fluid displaced by an element of the surface

per unit of time, multiplied by the potential at the point of dis-

placement and by p/2 where p denotes the density of the fluid.

Now, the volume displaced by a surface element per unit time

is equal to the projection of this element perpendicular to the

direction of x, multiplied by the velocity U. The potential

being A'x the integrand becomes A'UxXdydz. Sxdydz is the

volume of the ellipsoid, hence the integral gives Volume A'Up/2.

This is the kinetic energy, usually expressed by Volume kiUz
p/2,

where k\ denotes the factor of apparent mass, It follows that:

A'/U=ki
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A", referring to the case when the ellipsoid is stationary, is con-

nected with A' by the equation

as the latter flow results from the former by the superposition

of the constant velocity U. Hence it appears that

A is the maximum velocity corresponding to a flow having unit

velocity along the x axis. It is a constant for a given ellipsoid.

A equals the sum of 1 and of the factor of apparent mass hi.

This is confirmed for two special cases, where the factor A is

well known. With a sphere, the maximum velocity is 1.5 times

the velocity of flow, and the additional apparent mass is one-half

the mass of the displaced fluid. With a circular cylinder, mov-

ing at right angles to its axis, the maximum velocity is twice

the velocity of flow, and the apparent additional mass is equal

to the mass of the displaced fluid.

The ratios, A = A"/U, B = B"/V, C = C"/W, are inde-

pendent of the velocity components U, V, and W and hence

only depend on the ratio of the three semi-axes of the ellipsoid,

a, b
}
and c. Lamb gives the method to compute them. Com-

pute first the integral

f"a = abc I

I (d
Jn

dx

and the analogous integrals ft and y for the axes b and c. The
factors of apparent mass are then

ki = a/(2 a), etc.

There are no tables for A, B, C, or for ki, kz , kz published yet.

The integrals for a, etc., can be numerically evaluated, however,
in each single case, hence the absence of these tables does not

interfere with the practical application of the method. For the
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special case 6 = c, that is, for ellipsoids of revolution, ki and k%

have been computed for a series of elongation ratios, and are

reprinted in Table I. They are connected with each other by
the relation

_ l-fea

**~
2/fe2

The determination of the velocity at any point is thus reduced

to a simple geometric problem. The maximum velocity, whose

components are A U, BV, and CW, has to be projected onto the

plane tangent to the ellipsoid at the point considered, i.e., it

must be multiplied by the cosine of the angle between the nor-

mals to the surface at this point and at the point where the

velocity is a maximum.

TABLE I. COEFFICIENTS OF ADDITIONAL MASS OF ELLIPSOID

In the most interesting case of an ellipsoid of revolution, this

can be done analytically in a convenient way. The following

formula is most easily obtained by the application of elementary

vector analysis. First compute the component of the maximum

velocity in a direction normal to the surface at a given point.

Remember further, that the longitudinal component of the max-
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imum velocity is A U, and the lateral component of the maximal

velocity is BV.

Let now the angle between the normal and the longitudinal

axis be S and let the angle between the two planes passing

through the longitudinal axis, the one passing through the point

in question and the other being parallel to the direction of

motion, be /3. Then cos 5 is the longitudinal component and

sin 5 cos the lateral component of the normal of unit length.

Hence, the component of the maximum velocity in a direction

perpendicular to the element of surface is

F2 = (1 + *i)Z7 cosS + (1 + k^V sinS cos/3

Let FI denote the component parallel to the surface element.

Then

F2
2 = Vna3? and hence

a?- F2
2

- 1(1+ hdUco8S+ (1+ A!2)Fsin5cos#|
2

(8)

This is the desired general formula for the velocity of flow along

the surface. The pressure is then computed directly from this

velocity at the points of the ellipsoid, now supposed to be station-

ary in the flowing fluid. For this is a steady flow, and hence

Bernouilli's equation for the pressure holds true, viz.: p +
(& pFi

2
) = const. That' is, the pressure is equal to an arbitrary

constant pressure minus Vi
z
p/2, where FI denotes the velocity.

The points of greatest velocity are those of smallest pressure or

of greatest suction. The curves of equal velocity are also the

curves of equal pressure.

In practice, we are chiefly interested in rather elongated

ellipsoids of revolution and the angle a. between the principal

axis and the direction of motion is small. With very elongated

ellipsoids, k% is about 1 and ki is very small. Hence B is about

2 and A is about 1. The components of the maximum velocity

become U and 2F. Comparing them with the components of
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the motion U and V, it follows that the angle between the

direction of the maximum velocity and the axis is about twice

as large as the angle between the direction of motion and the

axis.

16. Distribution of Pressure Around the Cross-Section of the

Hull

The pressure around circular cross-sections far enough from

the ends of an elongated hull is distributed as the sine of the

angle; that is, proportional to the distance from a diameter.

This knowledge gives an estimate about the pressure differences

to be expected, and is useful for the interpretation of pressure

distribution measurements.

The relation is based on the lemma of the preceding section.

This lemma holds for elliptical cylinders, and thus for circular

cylinders as special cases. The two-dimensional velocity poten-

tial of the flow created by the rectilinear motion assumes values

at the circumference proportional to the distance from a plane

parallel to the axis. If the potential is chosen zero at the center,

the potential at the circumference is proportional to the distance

from a plane through the axis. With a circle, this is the plane

at right angles to the motion.

This simple relation is applied to the pressure distribution

around the cross-section of an airship hull as follows. Let U
again denote the velocity of flight, u the longitudinal component,

and v and w the two lateral components of the air motion caused

by the motion of the hull. . Hence the square of the air velocity

relative to the hull is (U + )
2 + v2 + wz

. u, v, and w are small

when compared with U, the hull being assumed to be elongated.

The square contains as the largest term U2
,
but this is constant

and does not give rise to pressure differences. The only term

of next order is then 2Uu; the remaining terms are small when

compared with this term. The square of the velocity, just

analyzed, is proportional to the pressure according to BernouiHi's

theorem. It appears, then, that the pressure measured from a
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suitable standard is proportional to the component u, of the

air velocity caused by the motion of the hull.

This longitudinal velocity component, now, varies around the

cross-section as the potential does, provided all cross-sections

are geometrically similar. We imagine the potential to be com-

puted from the two-dimensional flow around the cross-section.

If all cross-sections are similar, for instance circular, the potential

can be written as the product of two factors, the one constant

on meridians and the other on each cross-section. But if the

potential distributions on different cross-sections differ by a

constant factor only their differences will do the same, and it

follows that at each cross-section u is proportional to the poten-

tial. Hence, with elongated hulls having similar cross-sections,

the pressure is proportional to the potential and that proves

the relation.

17. Size of the Fins

The model tests seem to indicate that the actual unstable

moment of the hull in air agrees nearly with that in a perfect

fluid. Now the actual airships with fins are statically unstable

(as the word is generally understood, not aerostatically of course),

but not much so, and for the present general discussion it can

be assumed that the unstable moment of the hull is nearly
neutralized by the transverse force of the fins. We saw this

unstable moment to be M = (Volume) (&2 &i) (V*p/2) sin 2^,

where (kz &i) denotes the factor of correction due to finite

elongation. Its magnitude is discussed in the first part of this

chapter. Hence the transverse force of the fins must be about

Mla where a denotes the distance between the fin and the

center of gravity of the ship. Then the effective area S of the

fins that is, the area of a wing giving the same lift in a two-

dimensional flow follows:

(Volume)(kz-kj
air
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Taking into account the span b of the fins that is, the distance

of two utmost points of a pair of fins the effective fin area S
must be3

(Volume)(*j - ki) 1

This area S, however, is greater than the actual fin area. Its

exact size is uncertain, but a far better approximation than the

fin area is obtained by taking the projection of the fins and the

part of the hull between them. This is particularly true if

the diameter of the hull between the fins is small.

If the ends of two airships are similar, it follows that the fin

area must be proportional to (kz &i) (Volume)/^. For rather

elongated airships (k% k\) is almost equal to 1 and constant,

and for such ships, therefore, it follows that the fin area must

be proportional to (Volume)/^, or, less exactly, to the greatest

cross-section, rather than to (Volume)
2/3

. Comparatively short

ships, however, have a factor (kz &i) rather variable, and

with them the fin area is more nearly proportional to (Vol-

ume) 2/3
.

This refers to circular section airships. Hulls with elliptical

section require greater fins parallel to the greater plan view.

If the greater axis of the ellipse is horizontal, such ships are

subjected to the same bending moments for equal lift and size,

but the section modulus is smaller, and hence, the stresses are

increased. They require, however, a smaller angle of attack for

the same lift. The reverse holds true for elliptical sections with

the greater axes vertical.

18. Flying in a Circle

If the airship flies along a circular path, the centrifugal force

must be neutralized by the transverse force of the fin, for only

the fin gives a considerable resultant transverse force. At the

same time, the fin is supposed nearly to neutralize the unstable

i Cf. Chapter V, Section 30-
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moment. We saw now that the angular velocity, though in-

deed producing a considerable change of the distribution of the

transverse forces, and hence of the bending moments, does not

give rise to a resulting force or moment. Hence, the ship flying

along the circular path must be inclined by the same angle

of yaw as if the transverse force is produced during a rectilinear

flight by pitching. From the equation of the transverse force

Vol (kz
- hXy p/2) sin2p_, ,

Vol.p
r a

it follows that the angle is approximately

,

T KZ KI

This expression in turn can be used for the determination of the

distribution of the transverse forces due to the inclination. The
resultant transverse force is produced by the inclination of the

fins. The rotation of the rudder has chiefly the purpose of neutral-

izing the damping moment of the fins themselves.

From the last relation, substituted in equation (5), follows

approximately the distribution of the transverse forces due to

the inclination of pitch, consisting of two parts. The first part
is

The other part is due to the angular velocity; it is approximately

GO)

The first term in formula (10) together with formula (9) gives a

part of the bending moment. The second term in (10) having
mainly a direction opposite to the first one and to the centrif-

ugal force, is almost neutralized by the centrifugal forces of the

ship and gives additional bending moments not very considerable

either. It appears, then, that the ship experiences smaller
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bending moments when creating an air force by yaw opposite
to the centrifugal force than when creating the same transverse

force during a straight flight by pitch. For ships with elliptical

sections this cannot be said so generally. The second term in

(10) will then less perfectly neutralize the centrifugal force, if

that can be said at all, and the bending moments become greater

in most cases.

19. Flying Through Gusts

Most airship pilots are of the opinion that severe aerodynamic
forces act on airships flying in bumpy weather. An exact com-

putation of the magnitude of these forces is not possible, as they

depend on the strength and shape of the gusts and probably no

two exactly equal gusts ever occur. Nevertheless, it is worth

while to reflect on this phenomenon and to get acquainted with

the underlying general mechanical principles. It will be possible

to determine how the magnitude of the velocity of flight influ-

ences the air forces due to gusts. It even becomes possible to

estimate the magnitude of the air forces to be expected, though
this estimation will necessarily be somewhat vague, due to

ignorance about the gusts.

The airship is supposed to fly not through still air but through

an atmosphere the different portions of which have velocities

relative to each other. This is the cause of the air forces in

bumpy weather, the airship coming in contact with portions of

air having different velocities. Hence, the configuration of the

air flow around each portion of the airship is changing as it al-

ways must to conform to the changing relative velocity between

the portion of the airship and the surrounding air. A change

of the air forces produced is the consequence.

Even an airship at rest experiences aerodynamical forces in

bumpy weather, as the air moves toward it. This is very pro-

nounced near the ground, where the shape of the surrounding

objects gives rise to violent local motions of the air. The pilots

have the impression that at greater altitudes an airship at rest
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does not experience noticeable air forces in bumpy weather.

This is plausible. The hull is struck by portions of air with

relatively small velocity, and as the forces vary as the square

of the velocity they cannot become large.

It will readily be seen that the moving airship cannot ex-

perience considerable air forces if the disturbing air velocity is

in the direction of flight. Only a comparatively small portion

of the air can move with a horizontal velocity relative to the

surrounding air and this velocity can only be small. The effect

can only be an air force parallel to the axis of the ship which is

not likely to create large structural stresses.

There remains, then, as the main problem, the airship in

motion coming in contact with air moving in a transverse direc-

tion relative to the air surrounding it a moment before. The
stresses produced are more severe if a larger portion of air moves

with that relative velocity. Therefore, it is logical to consider

portions of air that are large compared with the diameter of the

airship; smaller gusts produce smaller air forces. It is now essen-

tial to realize that their effect is exactly the same as if the angle

of attack of a portion of the airship is changed. The air force

acting on each portion of the airship depends on the relative

velocity between this portion and the surrounding air. A
relative transverse velocity u means an effective angle of attack

of that portion equal to u/V, where V denotes the velocity of

flight. The airship, therefore, is now to be considered as having
a variable effective angle of attack along its axis. The magni-
tude of the superposed angle of attack is u/V, where u generally

is variable. The momentum produced at each portion of the air-

ship is the same as the air force at that portion if the entire

airship would have that particular angle of attack.

The magnitude of the air force depends on the conicity of

the airship portion as described in Section 2. The force is pro-

portional to the angle of attack and to the square of the velocity

of flight. In this case, however, the superposed part of the

angle of attack varies inversely as the velocity of flight. It
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results, then, that the air forces created by gusts are directly

proportional to the velocity of flight. Indeed, as we have shown,

they are proportional to the product of the velocity of flight and
the transverse velocity relative to the surrounding air.

A special and simple case to consider for a closer investigation

is the problem of an airship flying from air at rest into air with

constant transverse horizontal or vertical velocity. The portion
of the ship already immersed has an angle of attack increased

by the constant amount u/V. Either it can be assumed that

by operation of the controls the airship keeps its course or,

better, the motion of an airship with fixed controls and the air

forces acting on it under these conditions can be investigated.

As the fins come under the influence of the increased transverse

velocity later than the other parts, the airship is, as it were,

unstable during the time of entering into the air of greater

transverse velocity and the motion of the airship aggravates

the stresses.

In spite of this the actual stresses will be of the same range

of magnitude as if the airship flies under an angle of pitch of

the magnitude u/V, for in general the change from smaller to

greater transverse velocity will not be so sudden and complete

as supposed in the last paragraph. It is necessary chiefly to

investigate the case of a vertical transverse relative velocity u.

The most severe condition for the airship is a considerable angle

of pitch, and a vertical velocity u increases these stresses. Hence,

it would be extremely important to know the maximum value

of this vertical velocity. The velocity in question is not the

greatest vertical velocity of portions of the atmosphere occur-

ring, but differences of this velocity within distances smaller

than the length of the airship. It is very difficult to make a

positive statement as to this velocity, but it is necessary to

conceive an idea of its magnitude, subject to a correction after

the question is studied more closely. Studying the meteoro-

logical papers in the reports of the British Advisory Committee



44 FUNDAMENTALS OF FLUID DYNAMICS

for Aeronautics, chiefly those of 1909-10 and 1912-13, I should

venture to consider a sudden change of the vertical velocity

by 2 m./sec. (6.5 ft./sec.) as coming near to what to expect in

very bumpy weather. The maximum dynamic lift of an air-

ship is produced at low velocity, and is the same as if produced
at high velocity at a comparatively low angle of attack, not

more than 5. If the highest velocity is 30 m./sec. (67 mi./hr.),

the angle of attack u/V, repeatedly mentioned before, would be

57.3 X 2/30 = 3.8

This is a little smaller than 5, but the assumption for u is rather

vague. It can only be said that the stresses due to gusts are

of the same range of magnitude as the stresses due to pitch, and

they may exceed them.

A method for keeping the stresses down in bumpy weather

is by slowing down the speed of the airship. This is a practice

common among experienced airship pilots. This procedure is

particularly recommended if the airship is developing large

dynamic lift, positive or negative, as then the stresses are al-

ready large.

20. Synopsis

The resultant moment of the airship hull flying with the

angle of attack a and the velocity V is

In a circular path, the angle of attack must be measured at the

center of volume.

This resultant moment is caused by forces along the axis

distributed according to equation (5). The last two terms in

the bracket of this equation vanish at straight flight.

The pressure around an elliptic cross-section is a linear func-

tion of the distance from a diameter. For circular sections, this

diameter is at right angles to the plane of pitch.

The pressure distribution over the bow is more complicated.
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For an elliptic bow, the velocity distribution is given by the

lengthy formula (8) theorem. AH bows can be approximated
by elliptic ones. For very elongated bows with circular cross-

sections divide the velocity of motion into components u and v

parallel and at right angles to the axis. The maximum velocity
has then the components u and 2v. The lowest pressure occurs

at a point where the tangential plane is parallel to this maximum
velocity.

The fin area of very elongated airships is proportional to

the cross-section and independent of the length of the hull.

With less elongated hulls the fin area becomes smaller than this

rule would indicate.

The stresses caused by gusts are larger than those caused

by maneuvering.

21. Problems and Suggestions

An airship hull has the shape of an ellipsoid of revolution,

the largest diameter is 70 ft. and the length is 700 ft. It is flying

at a velocity of 90 ft./sec. in air of a density of 1/420 Ib. sec2
/ft

4
.

1. With elongated ellipsoids flying in pitch, the transverse

air force per unit length is proportional to the distance from

the center.

2. How large is the resultant moment of the hull if the ship

is flying at an angle of pitch of 4?
3. How large is the transverse air force between the cross-

sections 200 ft. and 300 ft. from the bow?

4. How large is the difference of pressure at the highest and

lowest point of the cross-section 250 ft. from the bow?

5. The resultant of the lift created by the fins intersects

with the axis 625 ft. from the bow. How large is the lift of the

airship in Problem 2?

6. How much is the largest pressure on the hull in Problem 2?

7. Compute the lowest pressure, using the method for infinite

elongation.

8. Compute the same using the exact method and Table I.
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lowest point of the cross-section 250 ft. from the bow?
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9. Where are the points of the lowest and highest pressures

at the bow?

10 The airship flies without pitch. How large is the kinetic

energy of the potential flow?

11. The ship is turning without pitch with a radius of turn

of 1,000 ft. How large is the resultant moment?

12. How large is the force caused by the displacement of the

rudders?

13. The lateral air force load on a conical portion of a hull

flying in pitch is a linear function of the distance from the bow.



CHAPTER III

THE POTENTIAL FLOW OF THE STRAIGHT LINE

22. Outlook

We proceed to the study of the two-dimensional flow of the

straight line. This is not only the flow caused by the motion
of a rigid straight line, but in addition all the infinitely many
flows determined by an arbitrary distribution of the normal

velocity of the potential itself along the points of a straight line.

Such flows represent the motion of a perfect fluid caused by a

line that is only momentarily straight and in the process of

distorting itself.

This comparatively simple problem requires additional mathe-

matical tools, the complex numbers. They arc here indispens-

able, and on the other hand, suggest themselves very naturally
to this application.

Each two-dimensional solution of Laplace's equation possesses

a complementary solution which multiplied by the imaginary
unit i and added to the primary solution forms an analytical

function of the complex variable representing the coordinates

of the plane. Inversely: each such function, merely by being
a function of the complex coordinates, consists of two solutions

of Laplace's equation, Its real part is a potential of a two-

dimensional potential flow of an incompressible fluid. This is

the desired special solution if it complies with the boundary
conditions.

The complex functions representing potential flows of the

straight line are simple, much simpler than the potentials them-

selves. We multiply them by constants and add them in a

series in order to obtain more general solutions complying with

any boundary conditions along the straight line. This series

47
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is found to be a Fourier series, hence it is easy to determine its

constants. The series is at last transformed into a definite

integral for the numerical applications.

23. Potential Functions

We show in the next chapters how the potential flows applied

to the solution of airplane problems, although three-dimensional

by themselves, can be built up from two-dimensional flows. We
shall immediately show how these two-dimensional potentials

can be represented by a function of one variable only. This

brings the simplification of the problem to an extreme. We
started from a three-dimensional velocity distribution, that is,

from three velocity components each of them being a function

of three space coordinates. We reduced first the number of

the dependent variables from three to one, by the introduction

of the potential. We reduce then the number of the independent

variables from three to two, building up the three-dimensional

flow from two-dimensional ones. We at last reduce the number

of the independent variables also to one by the introduction of

the complex numbers, and shall then have reduced three func-

tions of three variables to one function of one variable.

The advantage of having to do with one function of one

variable only is so great, and moreover this function in practical

cases becomes so much simpler than any of the functions which

it represents, that it would pay to get acquainted with this

method even if the reader had never occupied himself with

complex numbers before. The matter is simple and can be

explained in a few words.

The ordinary or real numbers, x, are considered to be the

special case of more general expressions (x + iy) in which y

happens to be zero. If y is not zero, such an expression is called

a complex number, x is its real part, iy is its imaginary part
and consists of the product of y, any real or ordinary number

by the quantity *", which latter is the solution of
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The complex number x + iy can be supposed to represent the

point of the plane with the coordinates x and y, and that may be

in this paragraph the interpretation of a complex number. So

far, the system would be a sort of vector symbolism, which in-

deed it is. The real part x is the component of a vector in the

direction of the real axis, and the factor y of the imaginary part

iy is the component of the vector in the y direction. The com-

plex numbers differ, however, from vector analysis by the

peculiar fact that it is not necessary to learn any new sort of

algebra or calculus for this vector system. On the contrary,

all rules of calculation, valid for ordinary numbers, are also valid

for complex numbers without any change whatsoever.

The addition of two or more complex numbers is accomplished

by adding the real parts and imaginary parts separately.

y')

This amounts to the same process as the superposition of two

forces or other vectors. The multiplication is accomplished by
multiplying each part of the one factor by each part of the

other factor and adding the products obtained. The product of

two real factors is real, of course. The product of one real factor

and one imaginary factor is imaginary, as appears plausible.

The product of i X i is taken as 1, and hence the product of

two imaginary parts is real again. Hence the product of two

complex numbers is in general a complex number again

(x+ iy)(x'+ iy'}
- (xx

f -
yy') + i(xy' + x'y)

There is now one trick, as we may say, which the student

must know in order to get the advantage of the use of complex
numbers. That is the introduction of polar coordinates. The
distance of the point (x, y) from the origin (0, 0) is called R
and the angle between the positive real axis and the radius vector

from the origin to the point is called v, so that x = R cos tp,

y ~ R sin <p. Multiply now

(Ri cospiH- iRi sin0j])CR2 cospa + iR* sinp*)
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The result is

cospa RiR* sinpi sinp2+ i(RiRz
sn<pi

or, otherwise written

That is: The radius R of the product is the product of the radii

Ri and Rz of the two factors; the angle tp of the product is the

sum of the angles <p\ and pz of the two factors, from which follows:

i sin<p)
n = cosnp+ i

This is Moivre's formula.

We proceed now to explain how these complex numbers can

be used for the representation of a two-dimensional potential

flow. It follows from the very fact that a function of the com-

plex number, which in general is also a complex number, can be

treated exactly like the ordinary real function of one real vari-

able, given by the same mathematical expression. In particular

it can be differentiated at each point and has then one definite

differential quotient, the same as the ordinary function of one

variable of the same form. The process of differentiation of a

complex function is indeterminate, in so far as the independent

variable (x + iy) can be increased by an element (dx + idy)

in very different ways, viz., in different directions. The differ-

ential quotient is, as ordinarily, the quotient of the increase of

the function divided by the increase of the independent variable.

One can speak of a differential quotient at each point only if

the value results the same in whatever direction of (dx + idy}

the differential quotient is obtained. It must be the same, in

particular, when dx or dy is zero.

Th.e function to be differentiated may be

where both G and H are real functions of * and y. The differ-

entiation gives

dF/dx = dG/dx+ i dH/dx
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or again

dF/idy
- i dG/dy + dH/dy

'

These two expressions must give identical results and hence

must be equal. That is, both the real parts and both the imag-

inary parts are equal:

dG/dx - OH/fly;
-
dG/dy = dU/Qx

Differentiating those equations with respect to dx and dy;

&G/dxdy = d-II/d? = - WAW8
! i.e., dW/dx* + cWAV =

or again

d-H/dxdy = cft/A?/ = - cJ*CA^; i.e., &G/W + (W/3/ ~

Hence, it appears that the real part as well as the imaginary

part of any analytical complex function complies with Laplace's

equation for the potential of an aerodynamic flow, and hence,

can be such a potential. If the real part is this potential, we
will call the complex function the "potential function" of the

flow. It is not practical, however, to split the potential function

in order to find the potential and to compute the velocity from

the potential. The advantage of having only one variable would

then be lost. It is not the potential that is used for the compu-
tation of the velocity, but instead of it the potential function

directly. It is easy to find the velocity directly from the poten-
tial function. Differentiate F(x+ iy)

-
F(z). It is seen that

when dz dx,

dF(z)/ds - BG/dx + i dH/dx

But it was shown before that

MIfix - - dG/dy

Hence,

dF(s)/ds - dG/dx - i dG/dy

The velocity has the components dG/dx and dG/dy} being the

gradient of the potential G, by definition. Written as a complex
vector, it would be

dG/dx-H dG/dy

It appears, therefore:
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Any analytical function F (z) can be used for the representa-

tion of a potential flow. The potential of this flow is the real

part of this potential function, and its differential quotient

dF/dz called the "velocity function," represents the velocity

at each point "turned upside down." That means that the

component of the velocity in the direction of the real axis is

given directly by the real part of the velocity function dF/dz

and the component of the velocity at right angles to the real

axis is equal to the reversed imaginary part of dF/dz. The

absolute magnitude of the velocity is equal to the absolute

magnitude of dF/dz.

24. Flows Around a Straight Line

We proceed now to the series of two-dimensional flows which

are of chief importance for the solution of the aerodynamic

Figure 2. Transverse Flow of the Straight Line

problems in practice. They stand in relation to the straight

line. The privileged position of the straight Hue rests on the

fact that both the front view and the cross-section of a wing

are approximately described by a straight line. The different
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types of flow to be discussed in this section have in common
that at the two ends of a straight line, but nowhere else, the

velocity may become infinite. At infinity it is zero. This sug-

gests the potential function -\/z
z

1, which has discontinuities

at the points db 1 only; but it does not give the velocity zero at

infinity.

gives rise to an infinite velocity at the points z = 1, which may
be regarded as the ends of the straight line, and in addition the

velocity becomes zero at infinity. A closer examination shows

that indeed the potential function

F =
i(z

- Vzz -
1) (1)

represents the flow produced by the straight line extending

between the points z = d=l, moving transversely in the direction

'of the negative imaginary axis with the velocity 1 in the fluid

otherwise at rest. For, its velocity function is

giving for points on the line a transverse velocity 1. This flow

may be called "transverse flow." The velocity potential at

the points of the line, i.e., for y = is Vl sP. This gives the

kinetic energy of the flow (half the integral of the product of

potential, density and normal velocity component, taken around

the line) :

r-g.2/\/i-*fc-ir (2)
J-i i

2

giving an apparent mass of the straight line moving transversely

equal to the mass of the fluid displaced by a circle over the straight

line as diameter.
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The flow around the straight line just discussed can be con-

sidered as a special case of a series of more general flows, repre-

sented by the potential function

l
n

(3)

where n is any positive integer, n = 1 gives the transverse

flow considered before. For n different from 1 the component
of the transverse velocity along the straight line is no longer

constant, but variable and given by a simple law. Such a flow,

therefore, cannot be produced by a rigid straight line moving,

but by a flexible line, being initially straight and in the process

of distorting itself.

It is helpful to introduce as an auxiliary variable the angle

5 defined by s = cos 5. Then the potential function is

F = i(cosnd i sinwS)

where 5 is, of course, complex. The potential along the line is

$ = sinwS (4)

where now 5 is real. The velocity function is

Ff = dF/dz = dF/d8 dS/dz = - n/am8 (coswfi
- i sinnS)

giving at points along the line the transverse component

u = n sinw5/sin5 (5)

and the longitudinal component

v = n cos5/sin5 (6)

This becomes infinite at the two ends. The kinetic energy of

the flow is

(7)

o

The momentum is given by the integral
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to be taken along both sides of the straight line, since the velocity

potential times p represents the impulsive pressure necessary to

create the flow. This integral becomes

/Zr^sumSsmSdS
This is zero except for n = 1.

By the superposition of several or infinitely many of the

flows of the series discussed

F = i\Ai(z
- Vs2

l) + A 2 (z Vs2 -
l)

2 + . . +
A n (z

- Vz2 - l)
n
] (8)

with arbitrary intensity, infinitely many more complicated flows

around the straight line can be described. There is even no

potential flow of the described kind around the straight line

existing which cannot be obtained by such superposition. The

kinetic energy of the flow obtained by superposition stands in

a very simple relation to the kinetic energy of the single flows,

which relation is by no means self-evident. It is the sum of

them. This follows from the computation of the kinetic energy

by integrating the product of the transverse component of veloc-

ity and the potential along the line. This kinetic energy is

T =
/ (4i sinS + A 2 sin25 + . . .)
J

(Ai sinS + 2A* sin25 + . . .)<25 (9)

But the integral

fV

sinwS sinw&f8 = (n T m)

is zero if m and n are different integers. For, integrating two

times by parts gives the same integral again, multiplied by

(mfnf. In the same way it can be proved that

IT

coswS cosnSdS = (m ^ n)
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Only the squares in integral (9) contribute to the energy and each

of them gives just the kinetic energy of its single term (equation

7).

It may happen that the distribution of the potential * along

'the line is given, and the flow determined by this distribution

is to be expressed as the sum of flows (equation 8). The condi-

tion is: At points on the line, a known function of x is given,

and is to be expanded into

* = Ai sio.5 + Az sin25 + . . . + A n sin3 + . . . (10)

The coefficients A are to be determined. The right-hand side of

equation (10) is called a Fourier's series, and it is proved in the

textbooks that the coefficients A can always be determined as

to conform to the condition, if * has reasonable values. At the

ends 5 = or TT, hence $ has to be zero there as then all sines

are zero.

Otherwise expressed, equation (3) gives enough different

types of flow to approximate by means of superposition any
reasonable distribution of the potential over a line, with any
exactness desired. This being understood, it is easy to show

how the coefficients A can be found.

Integrate
/'

LI sin5 + AZ sin25 . . .) sinnddS

According to equation (11) all integrals become zero with the

exception of

/

' n

Hence

A n = -
/ $ sinn8d8 (11)

These values may be introduced into equation (8), and thus the

potential function F is determined.
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Another problem of even greater practical importance is to

determine the potential functions, equation (3), which super-

posed give a desired distribution of the transverse component
of velocity. The condition now is: u is given and is to be ex-

panded as follows:

. sinS . sin25

which means that u sin d, a known function, is to be expanded
into a Fourier's series

u sin5 = BI sinS + Bz sin25 + . . . + Bn sinwS + . . . (13)

The B's may be determined by an equation like (11), and then

the A }

s may be deduced, since

A n = BJ (14)

This is always possible if the velocity component is finite along

the line. These values may then be introduced in equation (8).

The value of the potential function as given by series (10)

with the values of An substituted from (14) may be transformed

into a definite integral which sometimes is more convenient for

application. Let o be a function of the coordinate 20, a point

on the line joining 2 = 1 and 2 = + 1, and let /(z, ZQ) be a

function to be determined so that

-1

We find that this relation is satisfied by the function

-
log (e^-e- )]

IT

Hence, the velocity function is

yfl

, = f. /"&da I dz

'-i
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That means superposition of infinitely many "elementary flows."

An element (at ZQ) of the line gives rise to a potential function

/(Z,ZQ) tydzo and to the velocity function df/dz-%dzo,

,, df 1 sin5 1 11 . /I 2 2

f s= -s- r= - = rt A /
dz TT sinS cos5 cosS TT 2 z \ 1 z2

where the plus sign is to be taken for points on the positive side

of the line, and the negative sign for those on the opposite side.

In this elementary flow, then, the velocity is parallel to the

line at all points of the line excepting the point ZQ, being directed

away from this point on the positive side of the line and toward
it on the other side. For points close to ZQ,

TT Z ZQ

from which the value of the velocity of the flow near ZQ may be

deduced. If a small circle is drawn around the point ZQ, it is

Figure 3. Flow Contributed by One Wing Section Element

seen that there is a flow out from the point ZQ of amount

per second on the positive side and an inflow of an equal amount
on the other side; so that this is equivalent to there being a

transverse velocity UQ at points along the element dz0} positive
on one side, negative on the other. The total elementary flow

around the line is illustrated in Figure 3.

Substituting the value of f in Ff

\
that is, superposing the

elementary flows for all points ZQ of the line gives the velocity
function



POTENTIAL FLOW OF THE STRAIGHT LINE 59

1

Therefore, for any point on the real axis, the transverse velocity

is o as is required and the longitudinal velocity

The infinite velocity near the edge requires special attention.

Interchanging symbols, writing z for SQ and vice versa,

/-r

1 iidz . /I~
n -__

~
/I/ j

_7
-

(16)

For a point near the edge on the positive so = 1, write

or, substituting \/2e sin

sin Std t approaches zero, hence v2a<
=

For the application to the elements of the wing theory, in

addition to the flows mentioned, there is one flow which needs

a discussion of its own. This is given by the potential function

(18)
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The velocity function of this flow is

F' .
Ao A

sinS
(19)

We shall caU this flow "circulation flow" as it represents a circu-

lation of the air around the line. The transverse component

of the velocity at points along the line is identically zero.

The circulation flow does not quite fit in with the other ones

represented by equation (3), because the potential function (18)

is a multiple valued one, the values at any one point differing

by 2ir or multiples thereof.

Figure 4. Circulation Flow Around the Straight Line

This is in accordance with the physical consideration, that

it is impossible to produce this flow by an impulsive pressure

over the straight line. Such a pressure would not perform any

mechanical work, as the transverse components of velocity at

points along the line are zero. The kinetic energy of this flow,

on the other hand, is infinite, and hence this flow cannot even

be completely realized. Still it plays the most important part

in aerodynamics.
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The best way to understand this flow and its physical mean-

ing is to suppose the line to be elongated at one end, out to in-

finity. On the one side the potential may be considered zero.

Then it is constant and will be equal to IT on the other side.

The transverse velocity component is finite. Hence, the flow

can be produced by a constant impulsive pressure difference

along this line extending from the edge z = 1 to infinity. This

pressure difference makes the fluid circulate around the original

straight line, the pressure along the line itself being given by
the potential function (18) and not performing any work.

A pressure difference along an infinite line does never actually

occur. At least it does not occur simultaneously along the whole

line. A very similar thing, however, occurs very often which

has the same effect. That is a constant momentum being trans-

ferred to the air at right angles to an infinite straight line at one

point only, but the point traveling along the line, so that the

final effect is the same as if it had occurred simultaneously.

This is fundamentally the case of an airplane flying along that

infinitely long line. During the unit of time it may cover the

length V and transfer to the air the momentum L, equal to the

lift of the airplane. Then the impulse of the force, per unit of

length of the line, is L/V, and hence the potential difference is

L/Vp. That makes AQ in equation (18) AO = L/zVpv. If the

airplane has traveled far enough, the flow in the neighborhood

of the wing, or rather one term of the flow, is described by the

circulation flow, provided that the airplane is two-dimensional,

that is, has an infinite span.

The velocity at the end of the wing JB
= 4- 1 due to this

circulation flow

where A - L/lirpV (20)
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25. Synopsis

Let there be a straight line of the length 2a, and introduce 5

by means of cos 8 = x/a, where x is the distance of a point at

the line from its center.

The two flows of most special interest are the circulation flow

and the transverse flow. The former, at the points of the line,

has the potential Ad, the transverse velocity component zero, and

the longitudinal velocity component A/sin 5, where A is an arbi-

trary constant. The transverse flow has the potential A sin 5,

the constant transverse velocity A, and the longitudinal velocity

component A cos 8/sm 5.

In general, the potential can be An sinwS, the transverse

velocity component Ann snwS/sin$, and the longitudinal

velocity component Ann cos5/sin5, where An is an arbitrary

constant and n an arbitrary integer.

These general flows with all values of n can be combined to

a Fourier's series. There are three series, respectively represent-

ing the potential, and the transverse and longitudinal velocity

components along the line. Each can be used for the determina-

tion of the two others. Determine the constants A n of the series

for the given function by means of the integration theorem of

the Fourier's series. Insert the same constants into the two other

series, and sum up the series.

If the transverse velocity is given, the longitudinal velocity

can also be determined by means of the definite integral (15).

The line traveling with the velocity V and with a circulation

flow A S experiences a lift L = 2-jrAoVp, where p denotes the

density of the fluid.

26. Problems and Suggestions

1. The transverse velocity component at all points of a

straight line has the velocity ^ ft./sec. What is the magnitude
of the longitudinal velocity component one-quarter of the length

from the end?

2. The longitudinal velocity is cos 8/tan. 5 sin 5, where
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the length of the line is 2 and 5 defined as in the text. How large

is the transverse velocity and the potential?

3. The potential in the last problem is the integral of the

longitudinal velocity with respect to the length x. Is that al-

ways so?

4. The transverse velocity of the line in Problem 2 is cos 5.

Compute the longitudinal velocity by means of Fourier's series.

The integral (15) gives the same solution.

5. A rigid straight line moves transversely with a velocity

of 30 ft./sec.; how large is the difference of pressure between

the points 10% and 50% from the edge, if the density of the

perfect fluid is 1/420 Ib. sec2
/ft

4
?

6. The rigid straight line is rotating about its center with

the velocity of the ends 30 ft./sec. How large is the longitudinal

velocity at the center?

7. How large is the infinite edge velocity of the same line,

expressed as a multiple of I/sin 8 ?

8. The same line performs the same rotation and at the same

time the center moves transversely. How large has this trans-

verse velocity to be in order to obtain a finite edge velocity at

one end?

9. Around which of its points has a straight line to be turned

in a perfect fluid in order to have an infinite velocity at one end

only?

10. How large is the kinetic energy of the flow caused by
the rotating line in Problem 6? How large the apparent moment

of inertia?

11. Describe the velocity distribution represented by the

complex potential function log 2.

12. Do the same for the potential function i log 2.

13. The transverse velocity of a straight line of the length I

is one. Which is the circulation flow leaving one edge velocity

finite?



CHAPTER IV

THEORY OF THE WING SECTION

27. Outlook

We determine the two-dimensional potential flow produced

by the motion of a wing section by replacing the section by its

mean curve of zero thickness. The potential flow is then com-

puted for a line which, although straight, is in the process of

deflecting itself so that the transverse velocity components are

the same as with the rigid mean curve of the wing section.

A circulation flow is superimposed strong enough to obtain

finite velocity of flow around the rear edge.

We compute the longitudinal velocity components. From
them we compute the pressures at all points of the wing section,

and they at last give the lift and moment.

The lift and moment are expressed by introducing the mag-
nitude of the angle of attack of a straight line of the same chord,

giving the same lift or moment.

Rules for the convenient determination of these angles, either

numerically or graphically, are given.

28. Representation of the Flow

The investigation of the air flow around wings is of great

practical importance in view of the predominance of heavier-

than-air craft. It is necessary to divide this problem into two

parts, the consideration of the cross-section of one or several

wings in a two-dimensional flow, and the investigation of the

remaining effect. This chapter is devoted to the first question.

All wings in practice have a more or less rounded leading edge,
a sharp trailing edge and the section is rather elongated, being
as a first approximation described by a straight line. The appli-

64
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cation of the aerodynamic flows around a straight line for the

investigation of the flow around a wing section suggests itself.

We saw in the last chapter how the potential flow around a

straight line is determined, for instance, from the transverse

components of velocity along this line. Only one type of flow,

the circulation flow, is excepted. This flow does not possess any

transverse components at the points of the line and hence can

be superposed on a potential flow of any magnitude without

interfering with any prescribed transverse velocity. We saw,

on the other hand, that it is just this circulation flow not de-

termined so far, which gives rise to the chief quantity, the lift.

It is, therefore, necessary to find some additional condition for

determining the magnitude of the circulation flow.

Figure 5 Flow Conforming with Figure 6. Flow NOT Conforming with
Kutta's Condition Kutta's Condition

This magnitude of the circulation flow is physically deter-

mined by the fact that the air is viscous, no matter how slightly

viscous it is. The additional condition governing the magnitude
of the circulation flow can be expressed without any reference

to the viscosity arid was done so in a very simple way by Kutta.1

The condition is very plausible, too. Kutta's condition simply

states that the air does not flow with infinite velocity at the

sharp, rear edge of the wing section. On the contrary, the cir-

culation flow assumes such strength that the air leaves the sec-

tion exactly at its rear edge, flowing there along the section

parallel to its mean direction. The wing thus acts as a device

forcing the air to leave the wing flowing in a particular direction.

Consider, for instance, the wing section whichConsists merely
of a straight line of the length 2. The angle of attack may be

1 See references 6, 7, and 8, page 175.
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a. The flow produced by this line moving with the velocity V
is the transverse flow with the constant transverse component
of velocity along the wing V sin a. The infinite longitudinal

velocity at the rear end is

7 sina
(

. .

Since the angle of attack may be assumed to be small, we
can change slightly the way of representing the flow, by turning
the real axis of coordinates into the direction of motion. Instead

of referring the flow to the line really representing the wing
section, we consider a straight line parallel to the motion, and

having the same length as the wing. Since this line differs only

slightly from the wing, the transverse components of the flow

relative to this line are approximately equal to the transverse

MEAN CURVC
LCADING , I

, TRAILING
EDGE F------J--

1

F
t X-0

Figure 7. Mean Curve of a Wing Section

velocity relative to the wing section at the nearest point and,

therefore, are constant again and equal to F sin a. Thus this

approximate representation of the flow is equivalent to the more

exact way given before. It also gives the same infinite velocity

at the rear end.

This velocity determines the magnitude of the circulation flow

F = AQ sin-1* (Eq. 18, Chap. HE)

by the condition that the sum of their infinite velocities at the

edge is zero.

Fsina . . A . =0

and hence AQ =* V sina. The lift is, therefore

L - 2irA Vp - 2irV*p sina
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The lift coefficient, defined by CL = 2
. > since the chord = 2,

is therefore

CL ~ 2ir swat, or approximately 2ira (22)

and L - Pp/2 S 2TO (23)

where 5 denotes the area of the wing.

29. Computation of the Lift

The representation of the flow just employed is approximately
correct and gives the same result as the exact method. This

new method now can be generalized so that the lift of any wing

section, other than a straight line, can be computed in the same

way, too. The section can be replaced with respect to the aero-

dynamic effect by a mean curve, situated in the middle between

the upper and lower curves of the section and having at all

points the same mean direction as the portion of the wing
section represented by it. The ordinates of this mean wing
curve may be

,
the abscissa x, so that the direction of the curve

at each point is d/dx. This direction can be considered as the

local angle of attack of the wing, identifying the sine and tangent
of the angle with the angle itself. Accordingly, it is variable

along the section. Since the velocity of the air relative to the

wing is approximately equal to the velocity of flight, the com-

ponent at right angles to the x axis is Vd/dx. As before, the

infinite velocity at the rear edge is to be found. It is, according

to equation (17)

(24)

At the rear edge x = 1. The equivalent angle of attack, that

is the angle of attack of the straight line giving the same lift

as the wing section, is found by the condition that this infinite
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value must be the same as that deduced for a straight line; viz.,

V sina/sinS. Hence, replacing sina by a,

length = 2 (25)

This formula holds true for any small angle of attack of the

section.

The integral can now be transformed into one containing

the coordinate rather than the inclination d/dx of the wing

curve, provided that the trailing edge is situated at the x axis,

that is, if is zero at the end x = + 1. This transformation is

performed by integration by parts, considering d%/dx dx as a

factor to be integrated. It results

length = 2 (26)6

,+tf

a =
v I (1

-
2x)Vl -

The important formula (26) gives the equivalent angle of

attack directly from the coordinates of the shape of the wing
section. Tfre mean height of the section has to be integrated

along the chord after having been multiplied by a function of

the distance from the leading edge, the same one for all wing
sections. This integration can always be performed, whether

the section is given by an analytical expression, graphically, or

by a table of the coordinates. In <the latter case a numerical

integration can be performed.
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30. Computation of the Moment

The lift of a wing section as computed in Section 29 is caused

by the circulation flow symmetrical with respect to the straight

line representing the wing. Hence, the pressure creating this

lift is located symmetrically to the wing, its center of pressure

is at 50% of the chord, it produces no moment with respect to

the middle of the wing. This lift is not, however, the entire

resultant air force. The remaining aerodynamic flow in general

exerts a resultant moment (couple of forces) and this moment
removes the center of pressure from its position at 50%.

If the wing section is a straight line of the length 2, its appar-
ent transverse mass is irp as seen in Section 24. The longitudinal

mass is zero. Hence, according to equation (2), Section 12, the

resultant moment is

M = F2p/2 TT sin2a length = 2 (27)

M = V*p/2
- 2 length

*= 2 (28)

Both the exact and the approximate expressions give the con-

stant center of pressure 25% of the chord from the leading edge,

which results from dividing the moment by the lift (23).

The straight sections considered have a constant center of

pressure independent of the angle of attack. The center of pres-

sure does not travel. This is approximately true also for sym-
metrical sections with equal upper and lower curves, where the

center of pressure is also at 25%. If, however, the upper and

lower curves are different and hence the mean section curve is

no longer a straight line, the potential flow produced at the

angle of attack zero of the chord not only gives rise to the -cir-

culation flow and thus indirectly to a lift, but also creates a

moment of its own. It is simple to compute this moment from

the potential flow, which is represented in equation (8) as a

superposition of the flows, equation (3).

The longitudinal velocity relative to the line is, according

to equation (6),
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cos5 . 2 cos25 ./ , cos5
I .Ai-^-r
\ sin5

: r- - n f
sm5 sm5

As the section is supposed to be only slightly curved, d%/dx is

always small, therefore; so are the coefficients An when com-

pared to V, so that they may be neglected when added to it.

The pressure at each point along the line according to Bernouilli's

theorem is:

p = -
p/2 o2

The present object is the computation of the resultant moment.

When really farming the square of the bracket in the last ex-

pression, the term with Vz indicates a constant pressure and

does not give any resultant moment. The squares of the other

terms are too small and can be neglected. There remains only

the pressure,

cosS , 2 cos25

giving the resultant moment about the origin

r
+1

M = 2 / pxdx,
J-i

or

M

taken twice on one side only, since the density of lift is twice

the density of pressure, the pressure being equal and opposite

on both sides of the wing. But

coswS cosmSdS =

if m and n are different integers. Hence there remains only one

term. The resultant moment is
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I was found according to equation (11) by means of the integral

A^-l F^si

Hence the moment is

2
/

TT I

/n

or, expressed by x

M = - 2PV* I ^Vl - tfdx (29)

By the same method as used with integral (25) this integral can

be transformed into

/*

(30)

It has been shown that for a straight line of length 2, the

center of pressure has a lever arm $4 and the lift is V*p/2
- 2ira 2,

giving a moment Vz
pira. Consequently, the resultant moment

is the same as if the angle of attack is increased to the equiv-
alent angle for moment a".

length =2 (31)

length - 1 (32)

It is readily seen that this angle is equal to angle of attack

of the chord for sections with section curves equal in front and

in rear. Hence, such sections have the center of pressure at
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50% for the angle of attack zero of the mean curve, that is, for

the lift (24) produced by the shape of the section only. The

additional lift produced at any other angle of attack of the chord

and equal to the lift as produced by the straight line at that

angle of attack, has the center of pressure at 25%. Hence, a

travel of the center of pressure takes place toward the leading

edge when the angle of attack is increased, approaching the point

25% without ever reaching it. The same thing happens for

other sections with the usual shape. At the angle of attack zero

of the chord the lift produced was seen to be 2irV2
pa') i.e., from

(26)

and the moment,

M = - 2PV* (30)

giving the center of pressure at the distance from the middle
i

xl-dx

Its distance from the leading edge, in per cent of the chord, is

,4-1

CP - 50%
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The moment with respect to the point 25% from the leading

edge is independent of the angle of attack. It is

*"-^+x
tfr

L- t/- 1 "-
1

The moment coefficient defined Cm =

(1
_

j)Vl - .V-

is then

length = 2

.

vr (1
- ar

(33)

'-i '-i

We have thus obtained expressions for the two chief air force

coefficients of wings.

31. Computation in Special Cases

We apply formula (26) for the equivalent angle of attack with

respect to lift to a wing section represented by a straight line

* /
"

o #*/
Figure 8. Straight Mean Wing Curve

inclined under the angle a, in order to illustrate its use and to

obtain a check on the formula: for the equivalent angle of such

line is, of course, a. Accordingly, let

-(!-*)

a I (1 fl?)da: a . .- I
y

- ~ BUI '*

/-I 1

as it should be.

We apply next formula (26) to a section represented by a

parabolic arc,
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The computation shows the straight line, creating the same lift,

to be parallel to the line connecting the trailing edge with the

peak of the arc.

EQUAL ANGLE
OrATTACK

x~/

TRAILING EDGE

*=//

Figure 9. Parabolic Arc as Mean Wing Curve

We compute at last the effect of displacing the elevator by
the angle 0. Let the length be 2 again and let a denote the

x=o
Figure 10. Mean Curve of a Displaced Elevator

distance of the hinge from the center of the chord of the entire

tail-plane combination. The section of the combination, having
been straight before the elevator was displaced, after the dis-

placement is represented by

between the points - 1 and a, and *
(1
-

)0 between the

points a and 1. This substituted into formula (26) gives



75THEORY OF THE WING SECTION

r
+1 r 1

1 I (1 x)dx 1 / Oa x dx-
I j I P3 >

v I (1 x)vl ar ""I 1 * vl
'-i 4

The first integral is the same as in the first example and was

there found to give j8. For the remaining integral we write

1 / na x dx
r

. I (l~ x d*
'

i

Q 1 *P \

TT / VI - x yi _ JB 1 - a; vT^l?'
-^-i

-i

Hence, both integrals together give

/a

.<s

4/X7 ^
Figure 11. Equivalent Angle of Attack of a Displaced Elevator,
as Fraction of the Displacement Angle, Plotted Against the

Elevator Depth
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The value of the bracket is plotted in Figure 11 against the ratio

of the elevator chord to the entire chord. As should be expected,

it is less than one.

32. Numerical and Graphical Methods

In all practical cases the sJmpe of the wing section is not

given by an analytical expression, but either by a table of ordi-

nates or directly by a drawing. We proceed to the problem,

how then to determine the two equivalent angles of attack,

and we begin with their computation from ordinates.

There are generally 15 to 20 upper and 'lower ordinates

given, closer together near the leading edge. The evaluation of

integral (26) by the ordinary numerical method, multiplying

each mean of the 15 to 20 ordinates by 1/(1
~ a

1

)Vl -
sc- and

by the arithmetic mean of the two adjoining spaces, and then

adding, is feasible. That would settle the question.

I
-^

i*^

X-AXIS-
Figure 13. Axis for Lift Computation

'

It requires less time, however, to determine the mean ordl-

natcs at certain specified points, by interpolation, suitable for

the application of Gauss* method of numerical integration in a

modified form. We proceed to compute the necessary constants.

The integral (26) gives a finite value only if $ - at the

point % 1, that is; at the trailing edge. Hence, if the

trailing edge is so thick that the rear end of the mean curve 1ms

an ordinate of noticeable length, it is necessary to move the

x axis so as to make $ - at this point (Figure 13). It is, how-

ever, sufficient to move the chord parallel to itself, that is, to

diminish all ordinates by the same amount,
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Since
,
which is now regarded as a function of x, becomes

necessarily zero at the point x = 1, it can be written =

(1 x) F (x), where F (x) is finite over the whole chord and is

denned by

The integral (26) can now be written

'

(35)

where a; = sin5.

The problem is now much simplified, being reduced to the

evaluation of a simple integral of a function, not of a product
of two functions, within the range from 8 = ir/2 to 5 = +
T/2. This function F(8), it is true, is probably in most cases

smaller near the leading edge than at the other parts of the

intervals. But we will not take this into account. Then Gauss'

method can be applied directly.

This method consists in selecting the values of the function

to be integrated at certain points x, multiplying them by certain

factors A and adding the products obtained. The points are so

chosen that they give a result more exact in general than the

result obtained from the same number of points otherwise lo-

cated. If, for instance, only one point and the value of the

function at this point & shall be used for the integration, the best

position of this point is in the middle of the interval, in our case

5=0; i.e., x = 0. This is indeed the only point which gives the

result absolutely correct not only if F(x) is constant and hence

can be written F(x) = ,
but also if it is any linear function of

5, F(x) = & + 3, containing the given point. The result is

found by substituting for F(x) any constant function having the

same value as F at the point considered, that is, F =
fc.

a - ~ ~
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This refers to the length of the chord 2. For any length of the

9t

chord c
,
the results appear c* = - in radians. It results,

c

therefore, that for the first provisional determination of the

direction of zero lift, using only one point of the mean curve of

the section, the middle of the section, 50% of the chord, is the

most characteristic point. The zero lift direction is, as first

approximation, parallel to the line connecting the trailing edge

and the mean curve at 50% of the chord (Figure 14).

The wing sections used in practice are always smooth and

regular, but still the use of one point only is often not exact

enough. It is desirable to use at least two or three points.

Even five points may sometimes be desired. For more than

one point, Gauss computed a table, from which the following

values are taken.

GAUSS' RULE
.+1

n= I xi =

n=2 ^=-^=.577,350,2691
n=J i^ ~ - Jc3

= .774,596,6669

Sa = H^a - 4/9

n=S B! =- ft - ,906,179,8459 H^- J^s- .118,463,4425

a
= - & - ,538,469,3101 ^ a - ftA* - .239,314,3352

8 j|x. - .284,444,4444

The substitution of the expression (35) into Gauss' rules, x ex-

pressed in per cent of the chord, and the resulting equivalent

angle of attack expressed in degrees, gives the following table.

The equations used for its computation are

The use of two points is exact enough in most cases. Obtain the

ordinates at the points x% of the chord, multiply them by the
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value of/, belonging to the point and add. That gives directly

the equivalent angle of attack in degrees.

EQUIVALENT ANGLE

=
/I l/C+ /2 Z/C+/

n=l
n=2

n = 2

*2
= 10.815%

less exact:

xi-90%
*2 =10%
a*- 96.90%
*2
= 50%

jcs
= 3 10%

*i= 99.458%
*2 = 87.426%

12.574%
.542%

POR LIFT m DEGBEES

ikA
/i
= 114.6

/i=2649
/2 = 32.12

/i =286
/i -31.9

/i
= 513.08

/ = 50,93

/3 = 16.425

/i =1,252 24

/2
= 109.048

/,
= 32.5959

/4 = 15.6838

/ = 5.97817

100% = trailing edge

length of chordc =

We proceed now to the computation of the equivalent angle
for the moment around the origin; that is, 50% of the wing chord.

The integral for the computation of tin's angle is:

r

-"-//,*
T/ VI-
t/-l

(31)

This integral converges for any finite
,
so it is not necessary for

its evaluation that the trailing edge coincide with the x axis.

The conventional chord can always be used without any cor-

rection for the thickness of the trailing edge.
A closer examination of integral (31) shows that the factor of

is an odd function having opposite values for pairs of points
at equal distance from the middle of the chord. It is, therefore,
at once obvious that a symmetrical curve has the same equiv-
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alent angle of attack for moment as its chord. Only an unsym-
metric curve differently shaped at the front and at the rear part

gives an angle different therefrom. The degree of dissymmetry
cannot be derived from one ordinate only, at least a pair is

required On the other hand, one pair is sufficient for most

practical purposes.

Write =
o + F(x)

where & is the value of, at x = 0. Then

2 f F(x)x* , 1 /", x , r . , /: -51
ao

' = I / dx = - I F(x) d [sirrte
- *V 1 - z2]

TT I -v/1 y? ""
/

J-i J-i

1
/ [/?()

- F(- x.
IT I

The interval of (arc sin x x Vl ic
3
) extends between

and % IT. Hence the best ordinate to be chosen for the compu-
tation has the abscissa (arc sin# \/l y?}

= % ""

Write x sin5, then the condition is

25 - sin25 -
|; (|

-
2s)

+ cos
(^
-

25)
=

This equation has the solution 5 = 66 10.4'.

x - sinS - .91476 = 4.26% and 95.74%

The factor for these ordinates is easily found from the consider-

ation that the straight line gives the exact direction, coinciding

with its direction. The distance between the points is c(9S.74%

4.26%) ;
the difference between the ordinates is i fa, hence

the angle between the x axis and the straight Line connecting

the two points in degrees is

192 fc-*2 =
Vc(,9574-.0426)
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Hence the factor is

, 180 MM .

/=
.91476- T

= 62 -634

*! =4.26% *2 = 95.74%

These factors are used for the computation of the equivalent

angle of attack for the moment, in the same way as the constant,

in the last table.

MEAN CURVE
TRAILING EDGE

APPROX. DIRECTION
OF LIFT

Figure 14. Approximate Angle of Attack for Lift

The computation of the equivalent angles of attack can easily

be performed graphically, using the results just obtained.

It has already been mentioned that the line connecting the

rear edge with the point at 50% of the mean curve gives the

first approximation of the equivalent angle of attack for the lift.

OIRCCTTDNTOi ZCK.O LIFT

'- MEAN CURVE

Figure IS. Determination of Angle of Attack for Lift

A better approximation is obtained by connecting the rear

edge with the two points at 89% and 11% chord at the mean

curve and by bisecting the angle formed by these two connec-

tion lines.

DRCCTION OP ZERO
MOMENT TOR 5O*

Figure 16. Angle of Attack for Moment Around the

Center
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r
Figure 17, Wing Section with Fixed Center of

Pressure

The equivalent angle of attack for the moment about 50%
of the chord is obtained by connecting the two points at

and 95 % chord at the mean curve.

33. Remarks on the Theory of Multiplane Wing Sections

The problem of two or even more wing sections, combined

to a biplane or multiplane surrounded by a two-dimensional

flow, can be treated in the same way as the single wings. The

two sections determine by their slope at each point a distribution

of transverse components along parallel lines. The distribution

determines a potential flow with resulting moment. Kutta's

condition of finite velocity near the two rear edges determines

an additional circulation flow giving rise to a lift and moment.

The aspect of the question offers nothing new, it is a purely

mathematical problem.

This mathematical problem has not yet been solved in this

extension. The author has attacked the problem within a more

narrow scope (see No. 22 author's papers listed in Appendix).

The method followed there amounts to the following considera-

tions:

Equation (10) represents different types of flow around one

straight line, consisting in a motion of the air in the vicinity of

the straight line only. Now the motion of the flows with high

order n is more concentrated in the immediate neighborhood of

the straight line than the flows of low order n. The transverse

velocity components along the line, determining the flow, change

their sign (
-

1) times along the line. With large ^positive
and negative components follow each other in succession very

rapidly so that their effect is neutralized even at a moderate

distance.

Hence, the types of flow of high order around each of a pair
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of lines will practically be the same as if each line is single. The
flows of high order do not interfere with those of a second line

in the vicinity even if the distance of this second line is only

moderate. It will chiefly be the types of flow of low order, the

circulation flow n = 0, the transverse flow n = 1, or it may be

the next type n 2 which differ distinctly whether the wing is

single or in the vicinity of a second wing. Accordingly, I com-

puted only the flows of the order n = and n = 1, the circula-

tion flow and the transverse flow for the biplane and used the

other flows as found for the single section.

The results are particularly interesting for biplanes with

equal and parallel wings without stagger. Their lift is always

diminished when compared with the sum of the lifts produced

by the two wings when single. The interference is not always

the same. When the sum of the angle of attack and the mean

apparent angle of attack with respect to the moment is zero, or

otherwise expressed, at the angle of attack where the center of

pressure is at 50%, it is particularly small. The lift produced
at the angle of attack zero is diminished only about half as much
as the remaining part of the. lift produced by an increase of this

angle of attack.

This second part of the lift does not have its point of appli-

cation exactly at 25% of the chord, although its center of pres-

sure is constant, too. This latter is quite generally valid for any
two-dimensional flow. At any angle of attack zero arbitrarily

chosen, the configuration of wing sections produces a certain

lift acting at a certain center. The increase of the angle of

attack produces another lift acting at another fixed point. Hence,
the moment around this second center of pressure does not de-

pend on the angle of attack; and the center of pressure at any

angle of attack can easily be computed if the two centers of

pressures and the two parts of the lift are known.

The resultant moment of the unstaggered biplane consist-

ing of portions of equal and parallel straight lines is again pro-

portional to the apparent transverse mass, as the longitudinal
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mass is zero (refer to Chapter II). This mass is of use for the

considerations of the next chapter also. If the two straight lines

are very close together, the flow around them is the same as

around a line of finite thickness and is almost the same as around

one straight line. Its apparent mass is the same also, but in

addition, there is the mass of the air inclosed in the space be-

tween the two lines and practically moving with them. Hence,

the mass is approximately,

where b is the length of the lines and h their distance apart,

if the distance h of the lines is small. For great distance, on the

other hand, the flow around each of the lines is undisturbed, the

apparent mass is twice thai of the flow around each line if single.

It is, therefore,

2&V4 P

For intermediate cases the apparent mass must be computed.
Particulars on this computation are given in No. 37 of the

author's papers (sec Appendix). Table II gives the ratio of the

apparent mass of a pair of lines to that of one single line for

different values of k/b. This ratio, of course, is always between

1 and 2.

TABLE II. APPARENT MASS OF A PAIR or
STRAIGHT LINKS
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The theory of multiplane wings, on account of the elaborate

mathematics required, is out of place in a book intended for

engineers. The lift is smaller than with the same section used

by itself in a monoplane, and the travel of the center of pressure
is similar.

34. Synopsis

Let the mean curve of the wing section extend between the

points 1 and 1. The equivalent angle of attack for lift is:

radians length 2 (26)

The lift of the straight line inclined under the angle a' radians is:

L = Vz
P/2 - S 2'

The equivalent angle of attack for the moment around the center

is:

a" = - - f kxdx

irl Vl-
/-i

radians length 2 (31)

The moment of the straight line inclined under the angle a"

radians, with respect to the center of the chord is:

M = V*p/2-S cir/2 -a"

The moment of any section with respect to the point 25% from

the leading edge is independent of the angle of attack and is:

M = V*p/2 S -Gir/2 (a" -a')

These quantities can be determined numerically and graphically
as described in Section 32.

35. Problems and Suggestions

The fluid is perfect, and the flow two-dimensional.

1. The maximum ordinate of a parabolic wing section is 8%
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of its chord. At which angle of attack does the resultant air

force pass through its'rear edge?

2. How large is the lift coefficient in Problem 1, if the wing
moves parallel to the chord?

3. The chord length of the straight stabilizer is two-thirds

of the entire length of the chords of stabilizer and elevator.

The angle of attack of the stabilizer is 5. How much must the

elevator be displaced to make the lift zero?

4. A wing section extending from 1 to + 1 is S-shaped,

according to the equation:

= 0.05 x VI -^

so that the shape is equal at front and rear. Is the lift positive

or negative if the motion is parallel to the line connecting the

two ends of the section?

5. How large is the lift coefficient in the last problem if the

wing moves with the angle of attack of the chord connecting

the ends?

6. How does the result of the graphical method compare with

that of the analytical for the last problem?

7. Use the graphical method for the section in Problem 4 for

the determination of the equivalent angle of attack for the

moment.

8. Apply the graphical method with two points to the wing

section in Figure 7.

9. How large is the lift of a symmetrical section (equal upper

and lower curve) with the chord 90 cm., the angle of attack 6,

the velocity of flight 30 m./sec. and the density of air 1/8

kg. sec
2/m4

?

10. Under which angle of attack has the flow of the S-shaped

wing section in Problem 4 no shock at the leading edge, that

means a finite velocity at both ends?

11. The straight elevator is parallel to the direction of flight,

but the leading edge of the straight stabilizer is inclined down-

wards. Which is the direction of lift?
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12. The lift of any section remains unchanged if all abscissae

parallel to the direction of flight are doubled and the ordinates

left unchanged.
13. How large is the Lift coefficient of a straight line moving

parallel to the direction of motion with the velocity V and at

the same time turning slowly about its center with the angular

velocity &>?

14. The lift produced by the displacement of the elevator

acts chiefly on the rigid portion of the control surface.



CHAPTER V

THEORY OF THE COMPLETE WING

36. Outlook

With actual wings, the air flow around each wing element

can be considered as being of the two-dimensional type just dis-

cussed, but with this modification: that the air pressures and

forces are determined from the motion of each wing element

relative to the air in its vicinity, rather than from element's

absolute motion. The air around the wing element has an

average motion caused by the concentration of the lift over a

finite span. Its downward component diminishes the angle of

attack. Further, the resultant air force is orientated with re-

spect to this relative motion, and hence possesses a component

parallel to the absolute motion of the wing. This is the author's'

induced drag.

The air motion caused by the lateral lift concentration is

again treated as a two-dimensional flow around a straight line,

the line representing the entire span this time. The plane of

the flow is at right angles to the direction of flight. The flow is

gradually built up as the wing passes through the plane, hence,

it is not steady as the wing section flow. The forces are, there-

fore, computed from the rate of change of the potential, not

from the pressure. These are principles employed with the air-

ship theory in ChapterH The reader of the preceding chapters

is thus already familiar with the mathematical and physical

principles of the wing theory.

We discuss first the important case of equal downward veloc-

ity at all points of the span, and proceed then to variable down-

wash.
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37. Physical Aspect

The last chapter does not give correct information on the

aerodynamic wing forces, since the flow in vertical longitudinal

planes was supposed to be two-dimensional. The vertical

layers of air parallel to the motion were supposed to remain

plane and parallel and only the distortion of the two other

planes at right angles to it was investigated.

This is a very incomplete and arbitrary proceeding, for the

vertical longitudinal layers do not remain plane, any more

than any other layers remain plane. It is therefore necessary

to complete the investigation and to assume now another set

of layers, parallel to the lift, to remain plane, thus studying the

distortion of the vertical longitudinal layers of air. Accordingly,

we will assume that all vertical layers of air at right angles to

the motion remain plane and parallel, so that the air moves at

right angles to the direction of flight only. Hence, we have

now to consider two-dimensional transverse vertical flows. This

consideration, it will appear, gives sufficient information on the

motion of the air at large, whereas the preceding investigation

gives information on the conditions of flow in the vicinity of

the wing. Both the longitudinal two-dimensional flow studied

before and the two-dimensional flow to be studied presently,

possess vertical components of velocity. Both flows, and more

particularly these vertical components, are to be superposed,

and thus the final aerodynamic pressures and resultant forces

can be determined.

The transverse vertical layer of air is at rest originally.

The wings, first approaching it, then passing through it and at

last leaving it behind them, gradually build up and leave behind

them a wake, described by a two-dimensional flow in each

layer. The distribution of impulse creating this flow is identical

with the distribution of the lift over the longitudinal projection

of the wings. It is immaterial for the final effect whether all

portions of the wings at every moment have transferred the same

fraction of the momentum to a particular layer or not. The
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final effect, and hence the average effect, is the same as if they
have done it. They actually have if all wings are arranged in

one transverse plane that is, if the airplane is not staggered.
It may be assumed at present that at each moment each layer
has received the same fraction of the impulse from every portion
of the wings, and it follows then that the shape of the configure
tion of the two-dimensional flow is always the same and that it

is built up gradually by increasing its magnitude while not

changing its shape, beginning with the magnitude zero at a

great distance in front of the wing and having obtained its final

magnitude at a great distance behind the wings.
The potential of the final two-dimensional flow long after

the wings have passed through the layer is easy to find, for the

impulsive pressure creating it is known along the longitudinal

projection of the wings. It is identical with the distribution of

the lift over this projection, acting as long as the airplane stays

in the layer. This is the unit of time, if the thickness of the layer

is numerically equal to the velocity of flight. Hence, the poten-

tial difference along the longitudinal projection of the wings is

equal to the density of the lift along this projection divided by
the product of the density of air and the velocity of flight, since

the velocity potential is equal to the impulse of the pressure

creating the flow, divided by the density. In general, the longi-

tudinal projections of the wings can be considered as lines.

The density of lift per unit length of these lines is then equal to

the difference of pressure on both sides, and hence the density

of the lift is proportional to the difference of the potential on

both sides. This statement determines completely the final

two-dimensional flow in the transverse vertical layer, and noth-

ing remains unknown if the distribution of the lift over the

wings is given. The actual determination of the flow is then a

purely mathematical process,

For the present purpose, however, not the final transverse

flow but the vertical flow at the moment of the passage of the

wings is of interest. It is this flow that is to be superposed on
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the longitudinal flow in order to determine the actual air forces.

It has already been mentioned that this flow can be supposed

to differ from the final flow in magnitude only. It remains,

therefore, only to find the ratio of momentum already transferred

while the wing passes through the layer, to the momentum finally

to be imparted.

The fraction X is more plausible than any other fraction.

The effect of the wing on the layer is the same at equal distances

from the layer, whether in front or back of it and this would

involve the factor X- ft is n t necessary, however, to have

recourse to a mere assumption in this question, however plaus-

ible it may be. It can be proved that the assumption of X is

the only one which does not lead to a contradiction with the

general principles of mechanics. We proceed at once to demon-

strate this fact.

If the transverse flow in the plane of the wings is found, only

the vertical component downward, u', called the induced down-

wash, is used for the computation. This downwash can be posi-

tive or negative, but in general is positive. Such downwash in

the neighborhood of a portion of wing changes the motion of

the air surrounding the wing portion relative to it. The induced

downwash is always small when compared with the velocity of

flight. Hence, its superposition on the velocity of flight at

right angles to it does not materially change the magnitude of

the relative motion between the wing and the air in its vicinity.

It changes, however, the direction of this relative velocity, which

is no longer parallel to the path of the wing, but inclined toward

the path by the angle whose tangent is u'/V. This has two im-

portant consequences.

The flow produced and hence the air force, no longer are

in keeping with the angle of attack between the wing and the

path of flight but with the angle given by the motion of the wing
relative to the surrounding portion of the air. In most cases

the angle of attack is decreased and now the effective angle of

attack, smaller than the geometric angle of attack between path
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and wing, determines the flow and the air forces. Hence, the

lift is in general smaller than would be expected from the geo-

metric angle of attack. The angle of attack in the preceding

chapter on the wing secdon is not identical with the geometric

angle between the chord and the direction of flight but with the

effective angle of attack, smaller in general, as there is an in-

duced downwash motion in the vicinity of the wing. The

difference is the induced angle of attack.

a^u'/V (1)

That is not all. The lift is not only decreased but its direction

is changed, too. It is no longer at right angles to the path of

I*

909

90*
\ Direction- of flight

ur

Figure 18. Diagram Showing the Creation of the

Induced Drag

flight, but to the relative motion between wing and adjacent

portion of air. It is turned backward through an angle equal

to the induced angle of attack. The air force has now a com-

ponent in the direction of the motion. The wing experiences

an "induced" drag, in addition to the drag caused by the vis-

cosity of the air, not discussed- now,, and the induced drag is

often much larger than-the Viscous -djaj*.
- The density of the
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induced drag is dL u'/V, where dL is the density of lift, as can

be directly seen from Figure 18.

dD t
= dL u'/V (2)

The existence of a drag could have been anticipated, as there

must be a source of energy for the creation of the transverse

flow under consideration. The final kinetic energy of this flow

in a layer of thickness V is equal to the integral of the energy

imparted by each element of lift dL at the average velocity u/2

and this energy is to be delivered by the wing per unit of time,

as during this unit of time another layer has been put into motion

in the way discussed. On the other hand, the energy delivered

by the wings is the integral of the drag multiplied by the velocity,

that is, fu'/V VdL. From which follows immediately
' =

%u, and it is thus confirmed that the transverse flow is only

half formed when the wings are passing through the vertical

layer

38. Minimum Induced Drag

The problem is thus solved in general if the shape of the wings
and the distribution of lift over the wings is known. Before

passing to special wing arrangements and distributions of lift,

in particular to the simple monoplane, there is one general prob-
lem to be discussed. The longitudinal projection of the wings

being given, as well as the entire lift, the induced drag depends
on the distribution of the lift over the projection, The drag is

desired to be as small as possible. The question arises, What is

the distribution of lift giving the smallest induced drag? The

importance of this question is at once obvious.

The entire lift and the entire induced drag of the wings are

found again as important characteristics of the final transverse

flow, discussed in the last section. The resultant lift is equal to

the resultant vertical momentunrof -this flow for the thickness

of the layer equal o tSe-^ocity-T, and the induced drag is
**
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equal to the kinetic energy in the same layer divided by V.

The problem is, therefore, to find such a two-dimensional flow

produced by impulsive pressure over the longitudinal projection

of the wings as possesses a given magnitude of the vertical

momentum, and the kinetic energy of which is a minimum.

It is sufficient for elementary questions to consider only

arrangements of wing symmetrical with respect to a vertical

longitudinal plane, giving, moreover, horizontal lines in the

longitudinal projections. The results are valid for all con-

ditions. It is then easy to find the solution. The momentum
of several flows superposed on each other is the sum of their

single momenta. The flow is of the desired kind if the super-

position of any other flow with the resultant vertical momentum
zero increases the kinetic energy of the flow.

The velocity of the superposed flow can be assumed to be

small, for instance, so that its own kinetic energy, containing

the square of the velocity, can be neglected. The impulsive

pressure along the projection of the wings necessary to create

the superposed flow acts along a path determined by the magni-

tude of the downwash at the same points. The increase of kinetic

energy is:

Ywfu'Sdx (Eq. 14, Sec. 8)

where <f$dx = 0.

It is readily seen that the first expression can be identically

zero for any distribution of the potential $ restricted by the

second condition only if the downwash u is constant over the

entire projection of the wings. Only then a transfer of a portion

of lift from one point to another with smaller downwash is im-

possible, whereas this proceeding in all other cases would lead

to a diminution of the induced drag. It is thus demonstrated:

The induced drag is a minimum, if the transverse two-

dimensional flow has a constant vertical component of velocity

along the entire projection of the wings.

For wings without stagger it follows then that the induced

angle of attack u'/V is constant over all wings.
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The magnitude of the trrinfmum induced drag of a system
of wings is easily found from the apparent mass pK of their

longitudinal projection in the two-dimensional transverse flow.

For the vertical momentum, equal to the lift is uVpK = L,

where u is the constant downwash of the final flow. This gives

u = L/VpK

The induced drag is equal to the kinetic energy divided by V

Di = u* p/2 K

It follows, therefore, that the minimum induced drag is

Z/
2

and the constant or at least average induced angle of attack is

u' L ,\

K is a, constant area determined by the longitudinal projection

of the wings. It is the area of the air in the two-dimensional

flow having a mass equal to the apparent mass of the projection

of the wings.

The results (3) and (4) show that the minimum induced drag

can be obtained from the consideration that the lift is produced

by constantly accelerating a certain mass of air downward from

the state of rest. The apparent mass accelerated downward

is at best equal to the apparent mass of the longitudinal projec-

tion of the airplane in a layer of air passed by the airplane in

the unit of time.

In practical applications the actual induced drag can be sup-

posed to be equal to the -minimum induced drag, and the average

induced angle of attack equal to (4). It is, of course, slightly

different, but the difference is not great, as can be expected since

no function changes its value much in the neighborhood of its
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We proceed now to the application of the general theory of

induction to the case of the monoplane without dihedral angle,

giving in longitudinal projection a straight line of the length b.

Consider first the distribution of lift for the minimum induced

drag. It is characterized by the transverse potential flow with

constant vertical velocity component along this straight line.

This flow has repeatedly occurred in the earlier chapters. For

the length 2 of the line, it is the transverse flow given by equa-
tion (1) of Section 24 or by equation (3) of Section 24 when
n~\. The potential function for the length b is:

giving the constant vertical velocity component along the line

The density of the lift per unit length of the span is equal to the

potential difference of the final flow on both sides of the line,

multiplied by Vp.

/s\-
(y)
2s\

2
4 IT - * 41, sinS t

~
AiVP sin5 = (6)

where cos 8 = 2x/b. This follows from

-+&/:

= \T-
JJ
-b/i

Hence j* x T7. ,

FPTT&

Plotted against the span, the density of lift per unit length of

the span is represented by half an ellipse, the multiple of sin 5

being plotted against cos 5. The lift, therefore, is said to be

elliptically distributed.

The apparent mass of the line with the length b is equal to

PK - W T/4 - p
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Hence, with this distribution of lift, the rninirnum induced drag

is, according to equation (3)

and the constant induced angle of attack according to equation

(4) is

The density of lift (6) per unit length of the span together with

the chord c, different in general along the span, and with equa-
tion (22), Chapter IV, determines the effective angle of attack

at each point, including the apparent angle of attack of the

section. Substituting from equation (6) gives the effective angle
of attack:

_ density of lift _ dL/dx _ 2L sin ,
Q^a

~2T chord F2
p/2~27rcF

2 p/2~frIWp/2 -

()

The geometric angle of attack is greater by the constant induced

angle of attack, and hence

2L sinS L
__ f ire \"" ~ 1

Equation (7) indicates the importance of a sufficiently large span
in order to obtain a small induced drag.

Any distribution of lift dL/dx over the span other than the

elliptical distribution is less simple to investigate, as then the

induced downwash is variable. The distribution of lift gives

directly the distribution of the potential difference along the two-

dimensional wing projection.

A dL/dx .

A$=-^- (11)

The transverse two-dimensional flow can now be obtained by
superposition of types of flow given by equation (3) of Section

24 with 2 = 2x/b, as now the length of the line is not 2 but b.
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The condition is that the superposition of such flows gives the

required potential difference; viz.,

. . . (12)

Hence, the distribution of the density of lift, divided by 2Vp

is to be expanded into a Fourier's series. The induced angle

of attack results then, according to equation (12) of Section 24,

uf
1

a, = rp-
=

. f(AiBm8+2A z sin28+ . . . + nA n sinnd-\- . . .) (13)V Or Sino

and the entire induced drag, being the integral of the product
of the induced angle of attack and the density of Uft with respect

to the element of the span is:

Di= a4x=> " W+24 2
2+ + nAJ+ . . .) (14)

As mentioned before, the induced drag for any reasonable

distribution of lift agrees practically with the minimum induced

drag, given by equation (7). AI is the main coefficient and all

other A's> are then small when compared with it. It is, therefore,

exact enough for practical problems to apply equation (7) in-

discriminately, whether the distribution of lift is exactly elliptical

or only within a certain approximation. In the same way, equa-

tion (8) for the constant induced angle of attack can be used

generally for the average induced angle of attack.

39. The Elliptic Wing

In practice the reverse problem is more often met with.

Not the distribution of the lift but the shape of the wing is

known; viz., the magnitude of its chord and the angle of attack

at each point. The air forces are to be determined.

The solution of this problem in full is usually barred by great

mathematical difficulties. There is, however, one particular
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plan view of the wing which can be treated comparatively simply
and which gives very interesting results. That is the elliptical

wing; that is, a wing with such a plan view that the chord plotted

against the span is represented by half an ellipse.

A possible way to investigate a wing with a given plan view

would be to look for particular distributions of the angle of attack

such that the solution for them can be found. It would be

particularly easy to use such special solutions for the solution

of the general problem, if it were possible to determine those

particular special solutions, for which the induced angle of attack

is proportional to the effective angle of attack and hence to the

geometric angle of attack also. These functions found, the

distribution of the angle of attack arbitrarily given must be

expanded as a series of such functions, that is, as a sum of them.

It is then easy to find from this series the induced angle of attack

or the effective angle of attack, as this can be done for each

term separately by the mere multiplication with a certain con-

stant. Hence, a new series for the effective angle of attack is

readily obtained from the series of geometric angles of attack.

That sounds simple, but it is extremely difficult to find such

distributions of the angle of attack of a given plan view. It

suggests itself, therefore, to try the other way and to begin with

simple distributions of the angle of attack and to try to find a

plan view which can be conveniently investigated by means of

them. The only distributions discussed in this book are those

represented by the flows equation (3), Section 24. It suggests
itself to begin by considering the induced angle of attack and
effective angle of attack. For one special term, as follows from

equations (9), (12), and (13), the effective angle of attack is:

, (1S)

and the induced angle of attack is :

nA n sinw5
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It is at once seen that these two angles become _

each other if the chord c becomes proportional to sinlfc'
1-

circles and ellipses

c sin5 (17)
&7T/4'

Hence, substituting this in (15)

A n sinnS
a "

Vb sin5 2S/&

where S denotes the entire area of the wing. The ratio of the

two angles of attack becomes then

(18)

This holds primarily for elliptical plan views, but can be applied

to others also as an approximation.

With an elliptical wing, all equations found for any mono-

plane become particularly simple. Equation (10) can be written

The geometric angle of attack follows from equations (IS) and

(16)' for the effective and induced angles of attack, valid for a

special n, by taking the sum of all such expressions. The con-

dition for the coefficient A, if the geometric angle of attack

oig is given, is therefore,

+... (20)

That is, 2Vag sin d S/b* is to be expanded into a Fourier's

series

. . . (21)

and the coefficients A n are then

(<rr\v '
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The distribution of the lift follows then from equation (11)

dL/dx = 2Vp(Ai smS + A z sin25 + . . . + A n smn8+ . . .) (23)

and the distribution of the induced angle of attack is given by

equation (13). The entire induced drag is given by equation (14).

The entire lift is

and only the first term of series (23) contributes to it in view of

formula (24), since dx = sin ddd.

sinwfi sinw&Z5 = ifn^m (24)

i

Hence, the entire lift is

/+&/2

I sJnS

J-J>2

= 2VpAi

or transformed by introducing ag , and using (21) and (22),

+b/2

x (25)

That is to say, the entire lift of an elliptic wing can be ob-

tained by supposing the effective angle of attack equal to the

geometric angle of attack divided by (1 + 2S/b
z
). Otherwise

expressed, the aerodynamic induction reduces the entire lift of

the elliptical wing in the ratio

1

1 + 2S/P

however the wing may be twisted.

The usefulness of this result must not be overestimated.

The distribution of the lift itself is by no means obtained by a

mere diminution of the angle of attack in a constant ratio; only
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the entire lift can bo computed that way. Nor does this theorem

hold true for any other plan view but the elliptical. It may,
however, be applied to the ordinary wing shapes which are

approximately elliptical so as to gain approximate results.

40. Induction Factor for the Rolling Moment

The rolling moment of the lift can be found by means of

quite an analogous theorem. Only the second tenn in (23) gives
a contribution to the rolling moment in view of formula (24).

This is, therefore, as a consequence of formulas (23), (22), (21),

and (17),

M=aV
i + ls/^i

caxdx (26)

Hence, the entire rolling moment is obtained by taking as the

effective angle of attack, the geometric angle of attack times

1

1 + 4.S/6
2

The induction decreases the rolling moment in the same ratio.

This is of interest for the computation of the effect of a dis-

placement of ailerons.

It will be noticed that this factor of decrease is a different

one for the entire lift and for the entire rolling moment. The

induced angle of attack is not proportional to the geometric

angle uf attack except when all factors but A\ are zero. This is

true in the main case n 1, where the constant angle of attack

is decreased by a constant induced angle of attack, as we have

seen before.

Equation (26) may also be applied as approximation to shapes

differing from elliptical plan forms. The error involved in this

proceeding is probably greater in general than for the determina-

tion of the entire lift, as the rolling moment is more influenced

by the ends of the wing and there the deviation from the elliptical

shape will be particularly pronounced,
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41. Yawing and Rolling Moment

We consider now a displacement of the ailerons during flight.

The lift is increased on one end of the airfoil and it is decreased

on the other end. But the drag undergoes changes, too, and is

usually increased or decreased on the same ends where the lift

is increased or decreased. Thus, in addition to the rolling

moment, which is desired, a yawing moment is set up by the

displacement of the ailerons, and, according to what is said,

it is an undesirable one acting against the rudder. For instance,

when turning from a straight flight path to the left, the right side

of the airplane must be banked up and must be yawed ahead

of the left side. But the yawing moment, just mentioned, tends

to yaw the left side ahead of the right side. It is, therefore,

desirable to have this yawing moment, as small as possible.

The following discussion deals with the magnitude of this yaw-

ing moment and leads to a numerical relation between it and the

quantities which chiefly govern its size. This relation is of in-

terest and use in all cases where the magnitude of the yawing
moment occurs; that is, with all questions of stability and con-

trollability.

The displacement of an aileron is equivalent to the change

of the wing section, of which it forms a part. This change of

section will generally cause a change of the friction drag. The

magnitude of this change depends upon many factors, and it is

difficult to make a general statement concerning it. It can be

said, however, that it is not so very large, except near the angle

of attack of maximum lift, and that the changes are not neces-

sarily of opposite sign on both wing ends. The changes of the

induced drag will be much larger in most cases, and these changes
are of opposite sign, giving rise to a yawing moment, directed

as stated above. This induced yawing moment, forming prob-

ably the main part of the entire yawing moment encountered

by the wings, lends itself readily to an analytical investigation.

We will proceed, therefore, to compute the induced yawing mo-
ment of the wing, making assumptions which greatly simplify
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the mathematical treatment without essentially specializing the

problem. On the contrary, the solution will be a good approxi-

mation for all practical cases.

We consider a single airfoil moving in an ideal fluid and assume

the lift per unit length of the span to vary in proportion to the

ordinates of an ellipse, with the span as a main axis. Let b

denote the length of the span and introduce the angle 5 by means of

6/2 cos5 = x (27)

where x denotes the distance of a wing element from the middle

of the wing. Then the elliptical lift distribution canbe expressed by

L'=dL/dx=2VpCsin8 (28)

where V denotes the velocity of flight,

p denotes the density of the air, and

C is a constant of the dimension of a velocity potential.

The entire lift is then

/+J/2

. -

L'dx=2CVp^
-J2 -4J/2

L=CVp/2
whence

The distribution of the lift produced by a displacement of

the ailerons is assumed to be an odd function of x. Then it can

be expanded in a Fourier's series with even multiples of 5 only,

giving the entire lift distribution,

L' = 2Vp(C sin5+ A z sin25+ A^ sin 45+ . . .) (30)

where the -4's are any constants of the same kind as C.

The entire rolling moment is then

/I/OS

/-6/2

Mr - / I/ad*

-6/2

Mr
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whence

The induced angle of attack can be written by using equation

(5), Section 24,

^rr- * ^a sin2S+ 44 4 sin45 + . . .) (32)
bv smo

The distribution of the induced drag follows then from

dD/dx = D %

' = aJL
1

o smo

(C sinfi + 2A z sin25+ 44 4 sin45 . . .) (33)

The resulting induced yawing moment is

-+6/2 ._ /.T

Jf, -
/
P/afa = | I Z?/^dB (34)

/-6/2 'O

or substituting (33)

o

(C sinS + 2^4a sin28 + 4^4 4 sin45 . . .)

This integral can be split into the three following ones:

Mv
=

(I) ^ /cosSC2 sin&fS

JQ

(n) + y fcosSC sinS (3^4 2 sin28+ 5A* sin45 + . . .) dd

JQ

(HI) + ^ cos&(A 2 sin25+ 4 4 sin45+ . . .)

ZJ

The integrands I and HE are the products of a symmetric func-
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tion and cos 5, and hence the integrals are zero. The integral n
can be written

/

T

C
TT sin25(3^ 2 sin25 + 5.4 4 sin45 + . . .) dS
2

which gives

Substituting (29) and (31) gives the final result

if i r *J "

or otherwise written

My_3 S_

Mr r_ &
Induced Yawing Moment . , L Lift Coefficient

or; _ ... - f is about .
,. A .

Rolling Moment Aspect Ratio

42. The Biplane

All results obtained are also valid for biplanes and multiplanes,

if care is taken to substitute the apparent mass of the front view

of the multiplane for that of the monoplane. The computation
of the apparent mass of a pair of parallel lines, representing a

biplane is comparatively simple. There is moreover an approxi-

mate method for obtaining the area of apparent mass of a

biplane, exact enough for the needs of practice.

It is obtained from the consideration that the flow on top and

under the pair of lines is in substantial agreement with that

under and over the single line, and hence, the area of apparent
mass for this portion of the flow is likewise equal to the area of

the circle over the span as diameter. In addition, there is the

fluid enclosed between the wings. It moves almost like a solid

together with the wings, and hence its area of apparent mass is

equal to the area enclosed between the wings. The entire area is,

therefore, 6V/4 + bh where b denotes the span and h the gap.

The comparison with the area exactly computed shows a very-

good agreement with this approximate formula.
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The induced drag and angle of attack can now be computed
by the use of the monoplane formula, if a fictitious span b' is

substituted for the actual span. This effective span is larger
than the actual one, and is so chosen that the area of the circle

over it as diameter is equal to the area of apparent mass of the

biplane. Hence, b' = \/62+ 4bh/ir.

Figure 19. Area of Apparent Mass of a
Pair of Lines

It appears then, that the biplane has a smaller induced angle
of attack and drag than a monoplane for the same lift. This
must not be misunderstood, the monoplane is supposed to have
the same lift as both biplane wings together. In most cases

monoplanes have smaller lift, and then their induced drag may
well be smaller than that of biplanes.

43. Synopsis

The induced angle of attack of a single wing is:

at = -TOT in i& radiansnW2
p/2

The effective angle of attack is the difference of the geometric or

actual angle of attack and this induced angle of attack.
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The induced drag of a single wing is:

I?
D%=

TrPV*p/2

The downwash diminishes the lift of a single wing in the ratio

compared to the lift computed under the same conditions

from the two-dimensional flow. The downwash diminishes the

rolling moment in the ratio

For biplane cellules, replace b in these formulas by &', where

The induced yawing moment is equal to

Rolling Moment X Lift X V*

S*V* P/2

where S denotes wing area, b span, h gap, V velocity of flight,

p density of air.

44. Problems and Suggestions

1. The span of a single rectangular wing is 30 ft., the lift

1,200 lb., the velocity 100 ft./sec. and the density of the air

1/420 lb. ft
4
/sec

2
. How large is the induced angle of attack?

2. How large is the induced drag in Problem 1?

3. Two single wings as in Problem 1 are joined together to a

biplane cellule with a gap of 5 ft., the lift per wing is the same and

likewise the velocity of flight and the density of the air. Com-

pute the induced drag and the induced angle of attack.

4. The area of a single wing is 150 sq. ft., the span 30 ft., the

velocity 100 ft./sec. and the density of the air 1/420 lb. sec2
/ft

4
.

By how much is the lift increased if the angle of attack is increased

by 2?
5. The span of the wing In Problem 1 is diminished by 5 ft,
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The chord remains 5 ft. By how much has the angle of attack

to be increased in order to carry again the same weight at the

same speed?

6. The wing remains the same as in Problem 1, but the density

of the air is diminished by 25%, the airplane having climbed to a

corresponding altitude. By how much must the angle of attack

be increased to carry the same load at the same speed?
7. Compute the induced angle of attack and the induced

drag for the last problem.

8. The span of a rectangular plane stabilizer and elevator is

10 ft., the chord of the stabilizer is 3 ft. and that of the elevator

1 ft. The velocity of flight is 100 ft/sec., the air density 1/420

Ib. sec2
/ft

4 the angle of attack of the stabilizer is 1 and the

displacement of the elevator 3. How large is the stabilizer

lift, if the influence of the airplane wings be neglected?

9. This elevator is behind the wing in Problem 1 and the

downwash produced near the elevator by the wing is twice that

at the wing. How large is the lift of the elevator, if the angle of

attack of the stabilizer is 4, all other quantities being the same

as in Problem 8?

10. The lift of the elevator and stabilizer in the last problem
is to be increased by 10% by leaving the area and the ratio of

the elevator chord to the stabilizer chord, and changing only

the ratio of the span to the chord. How large must the span be?

11. Two glider wings with the aspect ratios 14.5 and 17 have

equal chord and equal ailerons. The ailerons are displaced by
an equal angle while the speed and the density of air are equal

also. What is the ratio of the produced rolling moments, if the

spans of the ailerons are one-fifth of the airplane span of the

larger wing?
12. A wing with the span 36 ft., the area 250 sq. ft., the

velocity 120 ft/sec., flying in air of the density 0.0020 Ib. sec 2
/ft

4

has the lift 1,400 Ib. at an angle of 3. At which angle of attack

is the lift zero? - rr



CHAPTER VI

PROPELLER THEORY

45. Outlook

The propeller theory is quite similar to the wing theory. The
blade elements are regarded as wing elements working in air

having an average motion of its own. This average motion, the

slipstream flow, is now an axial jet.

The computation of the air forces is more elaborate than
with wings, since all blade elements are different and are working
under different conditions. It is, however, possible to determine

two characteristic quantities for each propeller representing the

average of all elements, and to compute the air forces under all

conditions of flight from these two quantities.

46. Slipstream Theory ^
The propeller action is computed by regarding the blade

elements as small wing elements working in the slipstream. The
flow around each blade element is again described by a two-

dimensional wing-section flow and it is again determined by the

motion of the blade element relative to the surrounding air,

rather than by its absolute motion.

The slipstream theory
1 treats with the average motion of the

air. This velocity distribution affects the magnitude of the

thrust appreciably and causes the efficiency to be smaller than

1, even in a perfect fluid.

The slipstream flow is much simpler than the downwash flow

of a wing. The air flows from all sides into the front of the

propeller circle and leaves it in a circular jet. This jet reaches

its highest velocity v
f
far behind the propeller. Its velocity at

1 See reference 2, page 175.

Ill
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the propeller may be denoted by v. It may be assumed at first

to be equal at all points of the propeller. It can be shown that

v = v'/2. The mass of the air passing through the propeller

Figure 20. Propeller Slipstream

disc is equal to (V+ v)p Dz
7r/4. The momentum imparted to

the air per unit of time is equal to the thrust T, equal to its

increase of momentum

T= (V+v)PD*ir/4"B
r

(1)

The energy imparted to the air per unit of time is TV, equal to

its increase of kinetic energy

The combination of these two equations gives v
f = 2v and

(2)

Since the thrust must be exerted along the velocity (F + v) but

performs useful work along the velocity V only, the theoretical

efficiency of the propeller is

rr rt

(3)v+v

This gives all information necessary for the application of the

wing theory to the blade sections. The rotation of the slipstream

can be neglected.
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With a propeller in the test stand, or a helicopter, the velocity

V becomes zero. Equation (1) assumes then the shape

Hence the slip velocity becomes

V = V2T/PD*TT

and the power absorbed theoretically

p

47. Effective Pitch and Blade Size

The application of the wing section theory to propellers is

more laborious than that to wings, as all blade sections are

different and working under different conditions. This computa-
tion can be simplified by the introduction of the effective pitch

and the effective blade size.

The effective pitch of a blade element is the pitch of its

spiral path of zero thrust. The effective pitch of the whole

propeller is the pitch of the spiral path of zero resultant thrust

of the propeller. It is found by slimming up the effects of all

blade elements.

The second important characteristic of a propeller results

from a computation of the thrust. Let the geometric angle of

attack of a blade element be a. Then cot a = U'/(V+ v) where

U' denotes the tangential- velocity component of the element,

V the velocity of flight and v the slipstream velocity at the

element. We proceed by keeping V constant and varying U
f

slightly by the increment dUf
from the tangential velocity U'o

of zero thrust. This requires U'v/V 2rr/p, where p is the

effective pitch of the element and r its distance from the axis.

The cotangent of the angle is now

_
,, 4

. dUf

Hence a(cota) - -=
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On the other hand d(coicx) = da(l + cot2
a),

, , Z7Vt - VdU 1

hence da-

This is the negative of the effective angle of attack. Hence

the thrust is

177) P/2

where c denotes the projection of the blade width on the pro-

peller disc, and n the number of blades. Introducing U, the

tangential velocity component of the propeller tip by means of

U = U'D/2r where D the propeller diameter, gives finally

This is equal to the thrust computed from the slip velocity

dT = 47rfVdvdrp

giving by elimination of dT

n/2 c/D dU

Assuming now a linear relation between the tip velocity, the

slip velocity and the velocity of flight, an assumption likely in

itself and justified by experience, this linear relation is necessarily

This is the only linear relation in keeping with (4), and giving

zero thrust at the pitch p of the spiral path of the element.

In many cases the blade width can be considered constant

and equal to the average blade width. Then (5) can be written

where S denotes the blade area ncD/2. This is the main formula

for an abbreviated propeller computation,
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A more exact computation considering the variation of the

blade width, can be made by computing the momentum of the

slipstream by summing up the momentum inside each ring zone.

This can be simplified by using at least a constant pitch. This

assumption leads to the same expression as (6) with

f.D/2

4/D3
I crdr
J

substituted for S/D*. This integral is equal to the product of

the projected area times the distance between its center of

gravity and the axis.

Propellers with equal pitch ratio p/D and with equal blade

size ratio

,0/2

crdr

are equivalent within the scope of this theory, experiencing equal
air forces under equal conditions.

48. Synopsis

The propeller dimensions are given:

1. Determine the average effective pitch, p.

2. The average slipstream velocity v at the propeller is

The thrust is

The theoretical efficiency is

_ V
V-V+v 1 +

The theoretical power is

TV*~
1-v/V
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The magnitude of the thrust is known or required. The average

slip velocity is

~
V

49. Problems and Suggestions

1. The effective pitch of a propeller is 8 ft., and its speed

1,600 r.p.m. At which velocity of flight does the thrust become

zero?

2. The velocity of flight for the same propeller is 140 ft/sec.

At which r.p.m. is the thrust zero?

3. A propeller has a diameter of 10 ft., a pitch of 8 ft., and an

average blade width of 1 1 in. The velocity of flight is 140 ft./sec.,

the speed 1,600 r.p.m. and the air density 1/420 Ib. sec2
/ft

4
.

Compute the average slip velocity at the propeller.

4. Compute the thrust.

5. Compute the horsepower theoretically required.

6. Compute thrust and horsepower for the propeller in Prob-

lem 3 for an air density half that large.

7. The propeller in Problem 3 is cut shorter by half a foot

at each end and the speed is increased to 1,800 r.p.m. How

large is the thrust now?

8. Compute the r.p.m. for the propeller in Problem 3 neces-

sary to create a thrust of 1,750 Ib.

9. The airplane in Problem 3 is taxying with a velocity of

60 ft./sec., the propeller speed is 1,200 r.p.m. The elevator

is in the slipstream. Compute the air velocity relative to the

elevator, if the slipstream near the elevator is twice the slip

velocity at the propeller.

10. A competitive project to the propeller in Problem 3 has

a geared propeller with 3/5 of the speed and equal tip velocity.

How much horsepower can be saved theoretically by gearing

down?



CHAPTER VII

ADVANCED SUBJECTS

50. Outlook

A book on aerodynamics would be incomplete at present
without at least some discussion on the subject of vortices.

We consider vortices as unsuitable for the use of the designer,

and prefer the methods given in the preceding chapters for

obtaining the same results. Some remarks on vortices will

prevent a misconception about their usefulness.

We attach a few remarks on sources. They are quite anal-

ogous to vortices, can be used in a similar way for the solu-

tion of a certain class of problems, and may some day receive

more publicity than they have obtained at present.

The Joukowsky wing sections and the ELarman vortices

deserve a place in this book, not only on account of their pub-

licity, but also on account of their intrinsic scientific value.

They are not used generally in technical work.

The section on wind tunnel correction is so closely related to

the wing theory that it is permissible to insert it in this book.

Wind tunnel tests are constantly used by designers, reference to

these corrections is frequently made; the theory of these cor-

rections may, therefore, be welcome to the reader.

We close with a discussion of the best thrust distribution

along the propeller blade. The friction forces are taken into

account, nevertheless this discussion belongs in the theoretical

part. It shows why the theory of the best lift distribution should

not be generalized to propellers, as has been done by way of

extending our lift theory.
1 It is not independent of the fric-

1 See reference 1, page 175.
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tion forces, as is the lift distribution, but is more influenced by
the friction losses than by the slipstream losses.

51. The Vortices and Their Relation to the Lift

The wing theory is often called vortex theory because the

first results were obtained by using vortices rather than the

velocity potential. At present, a book on aerodynamics would

seem incomplete without some reference to these vortices.

At the beginning of Section 1, we introduced the rotation of

the fluid as twice the average angular velocity of a fluid particle.

Vorticity is another name for this same thing, and was intro-

duced into literature by Helmholtz in 1858. The vorticity has

accordingly the components

V, Wy] V)s J
Uy Va

Substitute these three expressions for u, v, and w in the equation
of continuity (equation 12, Chapter I). We obtain

(*>
-

,) + (Wxy
-

Uy,} + (Uy,
-

V^)

and see at once that this is identically zero, as each term appears
twice with opposite sign. This has been obtained without any
restriction of the velocity distribution. We recognize, therefore,

this relation to be a mathematical consequence of the definition

of vorticity. However the velocity be distributed, its vorticity

is always continuous like an incompressible fluid. Hence, we
can picture a fictitious fluid flowing such that at each point its

velocity is equal to the vorticity of our original flow. This

fictitious fluid flows then always like a fluid of constant density.

The flow lines of the derived flow are properly called vortex

lines. As always with an incompressible fluid, it is possible to

divide the space into tubes, all bounded by vortex lines, so that

an equal volume of the fictitious fluid passes through each cross-

section during the same time. In particular, the tubes can be
chosen so that the volume per unit of time is unity, and each

tube can then be represented by its axis, which may be called

a unit vortex line. This is much the same trend of thought as
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used for the explanation of the magnetic force lines. No unit

vortex line can end or begin amidst the fluid.

We proved in equation (7), Chapter I, that the rotation of a

fluid particle cannot change unless there are external forces

bringing about such change. Hence, vortex lines consist always
of the same fluid particles. This physical property of a non-

viscous fluid justifies the introduction of the vorticity. With

a steady flow, then, the vortex lines are always coinciding with

streamlines. This comparatively simple and easy theory is

valuable for the theoretical investigation of flows that are not

potential flows. Some theory is then required as the potential

cannot be used for a flow without potential. We shall see later

how the vortices are then used. Strange to say, however, during

all these years of theoretical airfoil research the vortices have

been used for the investigation of potential flows devoid of

vorticity. It is this contradiction that makes the vortex theory

of lift somewhat obscure and in our opinion unsuited for en-

gineers.

We have not yet defined a vortex, for a vortex is not vorticity.

A vortex is a bundle of unit vortices crowded densely together

along some line, and its strength is measured by the number of

unit vortices forming the vortex. A region approximated by
such vortex may exist in a flow otherwise a potential flow. It

consists then always of the same particles, as we have seen, and

in steady flows coincides with a streamline.

The theory is now becoming more and more abstract. We
imagine a vortex in a steady flow not being a streamline. This

is only possible by the particles at the vortex being under the

action of a suitable external force. In this way we arrive at

the lift, which is the reaction to this external force. This ex-

plains in some way why a wing of iTifi.ii.ite span is said to be

equivalent to a vortex parallel to it, but the statement also im-

plies that the flow caused by the wing is equal to a flow without

any wing, but a vortex at its place. The strength of this vortex

plays then the same part as the circulation, and indeed it is the
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very same thing. Each vortex line has, of course, a circulation,

otherwise it would not be incompatible with a potential flow.

The circulation of the vortex is the sum of the circulations of

all unit vortex lines of which it is composed.

We proceed now to explain how the vortex lines are used

for the computation of the induced downwash. We first have to

determine the distribution of vortices behind a wing and from

these vortices we compute the velocities by integration. The

vortices behind the wing are situated in the layer of air that

was in touch with the surface of the wing, for they coincide with

streamlines and begin at the wing. For simplicity's sake they

are generally assumed to be straight and parallel to the direction

of flight. They are the mathematical expression for the fact that

in the mentioned layer the air particles are gliding laterally

relative to each other with a finite velocity step or difference, as

represented in Figure 2 at the points of the heavy line.

These vortices extend out of the airfoil, because no vortex

can have an end. There are vortices in the wing parallel to the

span. They must leave the wing somewhere, and thence coin-

cide with the streamlines. Now, the number of unit vortex

lines crossing each wing section, is proportional to the lift per

unit length of the span. From which follows, that the number

of unit vortex lines leaving per unit length of the span is pro-

portional to the differential quotient of the lift per unit span with

respect to this span.

The combination of these arguments gives the complete

distribution of the trailing vortices, if the distribution of the

lift along the wing span is known or assumed.

The downwash is computed from these vortices by integra-

tion. The vorticiry has been shown to be derived from the

velocity distribution from the vortices by integration. This

integration rule is well known in connection with the electro-

magnetic theory and is there known as Biot Savart's rule. The

velocity corresponds to the magnetic field and the vorticity to

the electric current. Each vortex element contributes an ele-
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ment of velocity at right angles to itself and to the radius vector

connecting the vortex element with the point in question. The

velocity is proportional to the length and strength of the vortex

element, to the sine of the angle between the element and the

radius vector and inversely to the square of the length of the

radius vector. In this manner the vortices are computed from

the lift distribution and the velocities from the vortices. These

induced velocities give the induced drag again in the same way
as we have shown in Section 37.

The vortex theory appeals to mathematicians familiar with

vector analysis and accustomed to deal with singularities of

functions rather than with the functions themselves. There

is only one class of problems where the use of the vortex theory

is more convenient than the use of the potential theory. These

problems refer to the effect of the motion of a solid at a large

distance from it. The influence of a deflection of the air flow on

a distant point is approximated by vortices, just as the influence

of displacements of air at a large distance is approximated by
sources. (Section 52.) Distant effect, therefore, can be con-

veniently found by computing the action and interaction of

vortices and sources. Such problems are not acute in aircraft

design, and the reader is, therefore, referred to the literature

about this method.2

52. Sources and Sinks

Sources and sinks belong in the same class as the vortices.

They also are mathematical abstractions much used in higher

hydrodynamics and most theorems for vortices hold also for

sinks and sources in slightly changed form. We do not intend

to go into their mathematical theory. It seems sufficient for

an aerodynamic engineer to understand the logical connection

between them and the plainer parts of the theory.

A source represents a continuous concentrated supply of

fluid (Figure 21) at one point. Near this point, the fluid moves

> N. A, C. A. Technical Report No. 114- Some Now Aerodynamical Relations, by Max M. Munk.
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radially to all sides, the velocity inverse to the square of the

distance from the point, so that the same volume flows through

all spheres that can be drawn with the source as center. A
similar continuous absorption of fluid at one point is called a

sink or a negative source. Such sources do not actually occur,

Figure 21. Point Source

but the flow in some distance from them can be descriptive of

actual conditions. For instance, the flow near the bow of an

airship hull. This hull pushes the air away to make place for

itself, and a similar flow would happen if the vacated space would

be filled by newly supplied air, rather than by the bow, produced

by one or several sources located where the hull actually is,

that is, outside of the airflow.

Consider one source with an intensity of supply / units of

volume per unit of time, all streamlines extending radially, so

that the velocity is 7/47rr
2

,
where r denotes the distance from

the source. (Figure 21.) This flow is a potential flow of the

kind we have studied in the former chapters. Now superpose

a flow of constant and parallel velocity V to this source. (Fig-

ure 22.) There results a flow as shown in Figure 22. Near the

source the flow is not much influenced by the parallel flow, but

at larger distance the parallel flow becomes more and more

dominating, the radial flow subsiding rapidly. The entire flow

is divided into two parts by one streamline that splits itself into
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branches to all sides and divides the fluid supplied by the source

from the remaining fluid. It is easy to compute the distance

of the bow point A from the source, for this is the point where

Figure 22. Superposition of Point Source and Parallel Flow

the velocity of the radial flow is just neutralized by the constant

velocity V of the parallel flow. There we have, therefore,

and hence r=> -\/I/4arV

It is as easy to compute the final maximum diameter of the

finger-shaped surface of revolution formed by the split stream-

line. The supply I divided by the area of cross-section <Z
2
ir/4

must'give the velocity V,

hence d = V4//VF = 4r

In a similar way by superposing the two flows the velocity and

potential at each point can be computed. The kinetic energy

of the flow outside the ringer can then be computed by means of

equation (10), Section 8, for the case that the finger moves

through the fluid otherwise at rest with the velocity V. This

finger represents then the bow of an elongated airship hull.
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The velocity of flow has appreciable magnitudes near the ends

only, this explains why the kinetic energy does not depend on

the length of the end. The volume of apparent additional

mass comes out one-eighth of the volume of the sphere with the

diameter d. The conditions near the stern of the elongated hull

can be treated quite similarly by means of a sink with the

same strength. Hence the volume of apparent additional mass

of the hull is twice the volume mentioned, one-fourth of the

sphere of maximum diameter of the hull.

This, of course, holds only for very elongated hulls and only for

those with a shape of the ends like Figure 22. The apparent
mass so computed, however, always will give the order of mag-
nitude with sufficiently elongated hulls, and that is often enough.

We insert now the

short computation of

6? (' \ the shape just dis-
V

cussed. We saw the

intensity of supply of

the point source to be

r _ ..? rr

Figure 23. Diagram Referring to One-Source Bow

where r was the radius of the greatest cross-section of the hull.

Let the point source be situated at the origin of a system of

polar coordinates R, <p. The fluid passing in the unit of time

through a spherical segment, R =
constant, within the cone

<p
= constant is composed of two parts, one due to the constant

velocity V, and the other to the point source. The first part is

(R sin <p)
z
TrV, and the second part is % (1 cos <p) r2 K V. If

the edge of the spherical segment coincides with the surface

of the hull, the entire fluid passing, that is to say the sum of

these two expressions, is equal to the intensity of the source

rW, whence we obtain the equation of the hull shape

(R si
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or transformed

9

As was to be expected, all hull shapes equivalent to one point

source are geometrically similar.

Very different hull shapes can be obtained by arranging

several or very many sources and sinks along the axis of the

hull and by superposing their radial flows and a parallel flow.
3

The computation becomes then more and more involved, but

the principle is as simple as with one source.

53. Joukowsky Sections and Karman Vortices

We close the chapters on theoretical aerodynamics with some

remarks on two discoveries each connected with the name of an

eminent aerodynamic scientist. Both belong in higher hydro-

dynamics and are beyond the scope of this book. Both, how-

C
Figure 24. Several Joukowsky Wing Sections

ever, are so often mentioned in literature that the aerodynamic

engineer should at least know in what relation they stand to the

plainer theory.

Joukowsky wing sections are curves (resembling wing sec-

1 See reference 3, page 175.
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tions) of a particular mathematical type.
4

They are interesting

and useful by the fact, and by this fact alone, that it is com-

paratively easy for a mathematician to construct them,
5 and

to find the theoretical potential flow around them for all

angles of attack. Comparatively only, it is quite elaborate

to determine their aerodynamic characteristics, and the proof

for the correctness of the construction is very involved.

Some of the Joukowsky sections are said to be aerodynami-

cally good." That is not essential, however. They are not

actually used with airplanes, because they are too thin near

the trailing edge. The upper and lower curves approach one

common tangent at this trailing edge; the angle there is zero.

4*-
Figure 25. Joukowsky Section with the Circle Used for

"
Its Construction

The middle curve is circular, so that the stability characteristics

are not particularly favorable. The thickness and curvature

can be chosen; there exists one Joukowsky section for each

combination.

These sections were known before the general theory of whig

sections as outlined in t.Tiis book was created; that gave them a

higher importance than they have now.

Karman's vortices occur in the wake behind a circular cylinder

or a similarly shaped solid, moving through a liquid at right

* See reference 4, page 175.
> See reference 12, page 175.
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angles to this axis.
6 If this solid is a lead pencil sticking out

of the surface of water, it can be easily seen how vortices are

formed on the right side and left side alternately which a short

distance behind the lead pencil arrange themselves in a regular

troop, marching up in two lines, not like soldiers, but each one

opposite the gap of two on the other side. The ratio between the

distance of two consecutive vortices and the distance of the

two lines is equal for all speeds, and likewise the ratio of this

distance to the diameter of the cylinder. It is about equal to five.

Figure 26. Kaiman's Vortices

Karman succeeded in computing the former ratio from the

vortex theory (not treated in this book) by showing that the

arrangement of vortices in two lines with equal distance between

consecutive vortices is stable and can be maintained for one

ratio only. This was a fine success of the theory. The im-

portance of this computation must not be exaggerated, however.

It is not possible to compute the drag of a cylinder; it has only

been shown that if there are rows of vortices, they have a tend-

ency to arrange themselves into the computed configuration.

The periodic formation of vortices behind wires and other

objects explains their whistling noise when quickly moved

through the air. It is not essential for the wire whether the

vortices arrange themselves into a Karman configuration or not.

See reference 5, page 175.
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Besides, there is also a noise produced without the formation of

periodic vortices. This is, of course, beyond the scope of

theoretical hydrodynamics; Karman's vortices are chiefly inter-

esting because they stand midway between theoretical hydro-

dynamics and the motion of solids in viscous fluids.

54. Correction of Wind Tunnel Observation

Among the several errors of wind tunnel tests, one is caused

by the neighborhood of the walls, if the wind tunnel is of the

closed type, otherwise by the neighborhood of the free boundaries

of the jet. Its influence on the character of the air flow near

the model is only secondary in most cases; the main effect is a

change of the induced angle of attack and of the induced drag
of wing models. This influence can be computed. It is exact

enough to employ the simplest assumptions for this computation.
A formula results, enabling the investigator to compute the

angle of attack and the drag within an infinitely large wind

tunnel from the values observed in a wind tunnel with finite

diameter.

The simplest assumption is a multiplane wing with a circular

front view located in the center of the circular cross-section of

the wind tunnel. The radius of the multiplane wing may be r;

that of the wind tunnel R. The apparent mass of a circle being
twice that of its diameter, the multiplane wing is equivalent to

a monoplane with the span 6 = 2r\/2.

Introducing at once polar coordinates s and <p, where 5

denotes the distance from the center, the potential of the flow is

$ = (A/s+ Bs)

which expression is a solution of Laplace's differential equation
for any values of the constants A and B. For the determina-

tion in a closed wind tunnel we have the condition of zero radial

velocity components at the outer circle, and of these com-

ponents being equal to cos <p at the points ,of the inner circle.

This latter condition corresponds to a motion of the inner circle
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with unit velocity. The radial component of the velocity is

found by differentiating the potential with respect to the radius s,

and comes out as

Introducing the abbreviation w2 = 2r*/R
2
,
we obtain

The area of additional apparent mass at last is computed by

means of the integral

.2*

/(d

Substituting the values for the constants A and B, the area of

apparent mass of the flow between the two circles results

2

The total area of apparent mass including the area of the inner

circle is, therefore,

This is equal to the apparent mass of a circle moving in unlimited

air, multiplied by the factor

2

2-w2

Hence the observed induced angles of attack and the observed

induced drag must be multiplied by the last expression in order

to obtain the values corrected for the wall influence.

In a free jet wind tunnel, the condition at the jet boundary
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is a zero potential, for the impulsive pressure creating the

two-dimensional flow is zero at the outer boundary of the jet.

The condition at the inner circle remains the same. The con-

stants result now

giving an apparent mass

Hence the apparent mass is now decreased.

Since the computation is only exact to the first order anyway,
it is permissible to simplify the correction factor by performing

the division and by using the first term only.

2 -l + ^
2 - mz ^

2
* ' ' '

2 -l-^2+mz
l

2
* ' ' '

1 + # (b/D)* and 1 - K (b/D}
z
are, therefore, the respective

correction factors for monoplane models. The correction factor

must be taken equal for models with equal area of apparent mass

of the front projection.

55. Distribution of Thrust Along the Propeller Blade

The energy losses of the propeller depend noticeably on the

distribution of the thrust over the length of the blades, and

these losses can be diminished by a favorable distribution.

The two secondary induced losses, the loss due to the finite

number of blades and the loss due to the rotation of the slip-

stream, call for a gradual decrease of the thrust per unit of

propeller disc area towards the inner and outer ends of the blades.

Near the center the thrust is naturally less dense, and hence, the

loss from rotation is generally kept reasonably small without

special effort of the designer. No further improvement is here
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possible. The width of the blades, however, is not always as

much tapered towards the tips as would be desirable for keeping
the loss due to the finite number of blades small. In spite of it

the actual thrust distribution is almost as favorable and the

density of thrust always decreases properly, because the wing

automatically produces a small density of lift quite close to its

end. Still, the wing works then under less favorable conditions

and with smaller efficiency, and the weight of the propeller

and the centrifugal force also are unnecessarily great. It is,

however, sufficient to keep in mind that the wing tips must

be round, and then to consider the two chief energy losses only,

the energy absorbed by the air friction and the slipstream loss

proper.

A small variation of the distribution of the thrust hardly

changes the entire loss noticeably, especially if the distribution

is already close to the best distribution. Hence, the problem is

less the exact determination of the best distribution of thrust

than the derivation of a simple expression which gives quickly

an idea as to how the thrust must be distributed.

The conditions are quite different from those for ordinary

wings. There, the inductive losses form a much greater part

of the entire losses, and the remaining part, the friction loss,

is entirely independent of the lift distribution. Hence, with

ordinary wings the distribution of the lift is determined by the

consideration of the induced drag exclusively. With the pro-

peller, however, the friction is the dominant part, and both,

not only the slipstream loss but the loss of friction as well,

depend on the distribution of the thrust, for the velocity of the

blade elements relative to the air is variable and is greater

farther from the axis. And whether the ratio lift/drag of the

blade elements is constant or not, the ratio of the useful work

done by the lift to the energy absorbed by the drag is quite

different from it and certainly not constant in general. The

useful work is done in the direction of the constant velocity of

flight, but the friction is multiplied by the relative velocity of
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the blade element and the smaller the relative velocity, the

smaller is the loss. Therefore, the consideration of the friction

alone calls for a great density of the thrust near the center. The

slipstream loss alone, however, calls for constant density of the

thrust for area of propeller disc. Hence, the smallest loss occurs

at a compromise distribution, that is, that the thrust is neither

concentrated near the center nor distributed evenly, but its

density decreases uniformly towards the outside.

A short calculation will be sufficient to give numerical

information on the desirable decrease. Let Cr denote the

density of the thrust per unit of the disc area divided by the

dynamic pressure of the velocity of flight, that is,

r - dT
Cr ~

V*p/2-df

where dT denotes the infinitesimal thrust acting on the small

area df of the propeller disc. CT may be assumed to be small,

say up to .50. Then the slipstream loss originated by this

thrust is approximately^ CT multiplied by the useful work done

by the same element of thrust. The density of drag measured

in the same way is CT C&/CL and the work absorbed by this

drag is CD/CL v/V times the useful work, where v denotes

the velocity of the blade element relative to the air and V
the velocity of flight. For simplicity's sake, we replace the

velocity by the tangential velocity of the blade element,

which is somewhat smaller but not so much that this would

greatly injure the final result.

The problem can now be stated in the following way. Let r

denote the radius of the blade element, that is, its distance from

the axis. The entire thrust is easily found to be

j.D/2
T =

2irq I Crrdr (1)

4

The slipstream loss for the path of length I of the airplane can

be taken as
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Z>/2

(2)

The energy absorbed by the friction during the same time is

(3)

The coefficient of thrust density CT variable along the length of

the blade, is to be determined in such a way that for a given

thrust (1) the sum of the two losses (2) and (3) becomes a

minmvyirn.

The solution is easily obtained, using the principles of cal-

culus of variations. It can be seen that by transferring an

element of thrust from one place to another the entire loss

must not be changed, nor the entire thrust, and hence, the ratio

of the local change of loss to the change of thrust must be equal

to a constant, say X. The condition which determines the desired

function is, therefore,

Variation of [X(l) + (2) + (3)]
=

where the variation originates by any variation of CT. That is

the same condition as if

-

2*v /

J

is to be made a minimum. The variation is proportional to the

integral over

which then has to be zero at every point r . Hence the solution

of the problem is

(4)
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It shows, as was to be expected, that the thrust density

must be constant only if the drag coefficient of friction CD = 0.

But if the friction is taken into account, it is not constant but has

to decrease towards the outside. The simplifying assumptions

make it appear as a linear function of the radius, and that is just

what we wanted, and exact enough. It remains only to deter-

mine the value of the constant from the condition that the entire

thrust has a particular value in order to obtain the final expres-

sion for the density of thrust. By substituting equation (4)

in equation (1) it appears that

/Vl*
/ 4xrn CD
(
2*-c2

..

D2 im CD=^
Hence

and finally,

4. - ^2 D - 9 P.
** ' 2r

q
+

3 CL V CL V

At a radius 2/3 of the greatest radius, the thrust has the mean

density, the same that it had to have without friction. At the

blade tips, the density must be

T 2

This expression can become negative. But then one essential

assumption for the proceeding is no longer valid: CL/CD is no

longer constant but even changes its sign. For this reason a

negative thrust appears uneconomical in accordance with what

everybody expects. Equation (5) becoming negative rather

indicates that the diameter has passed beyond its most economical

value. This value appears, then, to be

D8 - TV/nq - CL/CD
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Let us see now by an example, what the derived formulas

give for usual conditions. They will give different results for

the same propeller under different conditions of flight, and this

fact is an additional reason for confining the calculation to a

moderate degree of exactness.

Illustration:

Diameter = 9 ft., that is, disc area 63.5 sq. ft.

n = 25 revolutions per second, giving irnD = 706 ft./sec.

Thrust = 400 Ib.

F= 100mi./hr.
= 22

q = 25 Ib./sq. ft. dynamic pressure of flight

400X100X1.47X22X6"
25 X 25 X n*

' W
D = 10.8 ft.

This value is close to the actual diameter. However, the

conditions of great velocity are favorable for a small economical

diameter. Suppose on the other hand the velocity of the same

propeller to be 60 mi./hr. only and the thrust to be 575 Ib.

The dynamic pressure q may be 10 Ib./sq. ft.

Now,
575X60X1.47X22X6 .U

10X25X7T2 -VWtt
D= 14ft.

Even in this case, the diameter results only 14 ft., which indi-

cates that the improvement theoretically possible cannot be

exceedingly great.

In the first case the mean value of CT appears .252 and CT
at the blade tip has to be .106. The mean value agrees with

the desired value at % of the radius as always. That is a

rather great variability, which corresponds to the fact that the

diameter is only slightly smaller than the most economical

diameter. In the second example, the mean value of CT is .90.

This is comparatively high and in consequence of it the developed

formulas give too large a diameter, for the factor ,25 for the
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induced loss is too high for the large values of CT . Paying no

attention to this, the coefficient at the blade tips appears .658.

The density is much more constant now, according to the

greater predominance of the slipstream loss.

The results obtained are only approximate. The formula for

the diameter is not to be considered as a literal prescription.

The weight of the propeller is not considered nor the resulting

tip velocity, which cannot be increased without limit. Besides,

the diameter is more often determined by the general lay-out of

the airplane. The formula is only to show whether an increase

of the diameter means an improvement at all, and to give an

indication of how much.

56. Synopsis

The vortices and sources are special mathematical concep-

tions used to represent the same theoretical flows, ordinarily

represented by the velocity potential.

Joukowsky wing sections have a theoretical flow more easily

computed than any other sections. Karman vortices form wakes
behind certain obstaJes.

The induced drag measured in wind tunnels must be cor-

rected by a factor 1 d=&2/>2
,
where plus refers to closed wind

tunnels, minus to open jet tunnels, b denotes the span, and D
the tunnel diameter.

The thrust distribution along propeller blades for smallest

power required cannot be computed from the slipstream loss

alone, but also depends on the friction losses.



CHAPTER VIII

AIR FRICTION

57. Outlook

A broad discussion of the motion of the air under the influence

of friction is of little real use. We discuss as briefly as possible

a few terms often found and enter into the practical part of the

theory, the model rules. The simple model rules are only

approximations, but as such they are of immense practical use,

and they refer to all kinds of flows, not only to theoretical ones.

They are used by employing coefficients of the air forces, assumed

to be constant.

The model rules that include friction deal with the variations

of these coefficients. They occur chiefly in connection with the

interpretation of model tests, a subject of great practical impor-
tance.

The discussion of the surface friction belongs properly in

this general chapter on friction. Our knowledge of the surface

air friction is wholly based on experience, but the model rules

suggest a convenient formula for its magnitude.

58. Discussion of Terms Often Found

The flow produced by solids moved through air differs from

the theoretical potential flow in a perfect fluid, particularly if

the solid is blunt. Blunt shapes leave a strong wake of moving
fluid behind them. They experience a correspondingly large

drag, used for providing the kinetic energy of the wake. Such

shapes, therefore, are unsuitable for aeronautic design.

The wake can be made visible by means of smoke. Portions

of the wake are then seen rotating in whirls that are sometimes

called vortices. They must not be confounded with the vortices

137
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of the vortex theory. The latter denote an angular velocity of

a fluid element, a whirl is a rotation of a finite portion of the

flow.

The flow in the wake of a blunt body is very different from

the type of the potential flow down to the smallest regions.

A potential flow is laminar, which means each layer (lamina)

of the fluid continues to form a layer. The flow in the wake,

however, is turbulent, as can be observed in the flow of smoke

Figuie 27. Wake Behind a Blunt Body

leaving a smokestack. Each portion of the smoke continuously
breaks up into whirls, these separate again into smaller whirls;

a group of small whirls joins together forming a larger whirl

that immediately breaks up into smaller ones again, and so on,

consequently the whole air is both in continuous motion and
relative motion. There are no definite velocities of flow at a

point, not even momentarily. We are still entirely ignorant
about the dynamic principle from which the turbulence arises,
nor have we any detailed knowledge about the type of motion.

Streamlined bodies, pointed or finger-shaped in the rear,
have much smaller wakes. The larger part of the flow is a

potential flow, and not very different from the theoretical poten-
tial flow belonging to the shape. The air forces also are not very
different from the theoretical air forces; they are only slightly
modified by the wake and a comparatively small drag is pro-
duced that provides the energy for the small wake. This wake
extends really from the leading front of the body. It is formed
along the surface, where the air flowing along the solid walls
is particularly affected by the friction forces. The air particles
next to the wall are torn away by the solid passing by, and im-
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pelled forward with the motion of the wall. They in turn impel

the next particles with them, and it can easily be seen that in

this way a layer of air accompanies the solid, becoming thicker

towards the trailing end of the body. This is the so-called

boundary layer of Prandtl. 1 The flow in the boundary layer is

laminar in some cases and turbulent in others; it may also be

turbulent over a portion only. The boundary layers on all

sides of the body join together at the rear thus forming the wake.

The boundary layer theory deals with the flow inside of the

boundary. Special kinds of aerodynamic theory have been de-

veloped for both laminar and turbulent boundary layers. They
have led to a clearer insight of what is going on, but it has not

been possible to compute the drag of any solid. The theory,

however, has given some results regarding the surface friction

of plates. They agree with the observed friction.

The computations relating to boundary layers are decidedly

useless to the designer. However, it is useful for him to know
about boundary layers. They play an important part in the

formation of the whirls. The theoretical and actual pressure at

the trailing end is larger than some distance ahead. This larger

pressure may force the air in the boundary layer into a forward

motion larger than the velocity of motion of the body. The

boundary layer is then swelling out, the swollen portion distorts

the entire flow and becomes a whirl, separating itself from the

surface. This cannot happen on the front, as there the pressure

is decreasing in the direction of the flow and tends to diminish

the thickness of the boundary layer. This is why a blunt front

portion is more permissible than a blunt rear portion, and why
the good streamline shapes are drop-shaped. It also explains

why the breakdown of the smooth flow occurs on the top side of

a wing rather than on the bottom. It is on the top that we have

the large pressure gradient from front to back.

It has been demonstrated that the flow can be materially

modified by influencing the air near the surfaces, that is, the

1 See reference 10, page 175 r
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boundary layer. A rotating cylinder experiences a large lift.

The flow is unsymmetrical because the friction conditions are

entirely different on the two sides. This was long known, and

has been practically employed by Flettner, although not for

aircraft. Other investigators have tried either to remove the

boundary layer by sucking or pumping it off, or to get rid of

it by pressing air into it through fine openings in the surface.

These schemes have no practical importance at present.

With large airships, the thickness of the boundary layers

becomes considerable. Instruments for the measurement of

the velocity of flight must be mounted far enough from the

surface of the hull to be outside of the boundary layer. There

is then a case where the reality of the boundary layers becomes

striking and where it is useful for the engineer to know the

thickness of the boundary layer.

59. The Square Law

The experiences with regard to air forces, gained from tests

or from practice have to be combined to new conclusions for

each new design. The rules for the computation of air forces

and pressures from older experience are called model rules. In

many cases the designer goes back to wind tunnel tests, and the

objects exposed to the airflow of wind tunnels are generally called

models. Model rules were chiefly used for the interpretation of

model tests.

A specific model rule will be discussed in the next section.

The most general model rule in aerodynamics is the so-called

square law. Suppose two solids differing in scale only to move
at the same angles of attack through two media of different

density at different velocities. The square law expresses that

all corresponding air pressures are proportional to the dynamic

pressure of the motion, and hence all corresponding air forces

are proportional to the density, to the square of the velocities,

and to the square of the scale, that is, to corresponding areas.

The square law is also applied to objects performing rotating
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motions, for instance, to propellers. The angles of attack at

corresponding points arc equal only if the ratio of the tip velocity

of the propeller to the velocity of flight is the same. The forces

are then proportional to the squares of the velocity, not merely

to the square of the r.p.m. Hence, if a propeller is enlarged to

twice the scale, and the speed of revolution is kept the same,

the thrust is nevertheless sixteen times enlarged, since both the

areas and the dynamic pressure of the tip velocity are multiplied

by four each.

The square law is the very base of all aerodynamic computa-
tions. Most designers prefer to apply it in an indirect way, by

using coefficients. That saves computation work and is more-

over more instructive. The air forces and pressures arc written

as products of several factors, one depending on the shape of

the solid only, and the others on the air velocity, density, and

the size of the solid. The shape factor is equal to the quotient:

Air Force

Area X Dynamic Pressure

It is at once computed after a test has been finished, and the

result is recorded or published, by employing this ratio. It is

called the air force coefficient. The coefficient is truly defined

only after an agreement has been reached about the choice of

the area in the denominator. Even then, there are several kinds

of coefficients in use, differing by factors. In some countries,

and formerly in the United States as well, a coefficient half as

large as given above was in use. There are also coefficients still

in use that are odd multiples of the above coefficient. The latter

is called the absolute coefficient because the quotient gives the

same coefficient regardless of the kinds of units used to express

the quantities, provided the units are consistent. The same

coefficient results whether sq. m., kg. and kg,/sq.m. are used or

sq. ft., lb., and Ib./sq. ft, The epithet "absolute" refers to the

definition of the coefficient rather than to the coefficient itself,

The validity of the square law is equivalent to a constant
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value of the coefficient whatever the scale, the velocity, or the

fluid may be. As a matter of fact, tests under different condi-

tions do not always give the same coefficient. The square law

is not strictly true. Even then, the coefficients are much loss

variable than the air forces themselves, and it is, therefore,

much easier to work with them.

Theoretical potential flows comply rigidly with the square

law, but the compliance with the square law is by no means

restricted to potential flows. Flat discs, for instance, moving
face ahead and producing a strong wake have a drag following

the square law remarkably well.

The square law is really based on the similarity of the two

flows, whether much different from the theoretical potential

flow or not: Two flows are called similar if all streamlines are

similar and all velocities proportional. The mass forces of all

corresponding elements obey then the square laws, as follows

directly from the fundamental equations of dynamics, and

hence, the resultant forces, being their effects summed up, do

likewise. The summed up effects of the friction forces are gen-

erally small when compared with those of the mass forces.

Constant coefficients, therefore, are an indication of similar

flows. Conversely, we are only entitled to expect the square

law to hold if we have a right to expect the flows to be similar.

60. Reynolds' Model Law

Since the square law is only aji approximation and the co-

efficients are at least slightly changeable, the problem arises as

to what laws there are governing the change of the coefficients.

More particularly, can the coefficients be expected to change

with any simultaneous change of the scale, the velocity and the

fluid, or can one change be made up by another, so that the

new combination will necessarily give the same coefficient? This

is an important question, for if so, it would be possible to make

model tests which are certain to yield reliable results, and the
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determination of all possible coefficients of one shape will be

much simplified.

A few remarks on the air friction are necessary before we

can proceed with this question, because the air friction is the

only force besides the mass forces. The mass forces alone would

give rise to the square law, the effect of combined mass forces

and friction has to be examined. The air friction is the resistance

of the air to the rate or velocity of angular distortion, not to

this distortion itself, like the shear forces in solids. All experi-

ments have shown that otherwise the air friction follows exactly

the ordinary relation known for shear. The friction force is

directly proportional to the rate of gliding and to the area;

the factor of proportionality depends on the fluid and on its

physical conditions. Thus, if all velocities of a fluid are parallel

and further proportional to the distance from one parallel plane,

the friction forces acting along plane surfaces parallel to this

plane are proportional to the size of the surface and to the

gradient of the velocity. They can, therefore, be written:

Friction Force = Area dV/dx n

where p., called the modulus of friction, depends on the kind of

fluid and on its physical conditions. The rate of gliding, dV/dx,

is a kind of angular velocity. The physical dimension of the

friction modulus is seen to be (Force X Time/Area). For the

application, this modulus divided by the density is of importance

and has received a special name. The kinematic modulus of

viscosity, v = p/p has the simple physical dimension Area/Time.

We arrive at the answer to our question regarding equal

coefficients under different conditions, if we compare two similar

flows. The one is a physical flow, the other is only hypothetical,

and we inquire whether it is physically possible.

We regard in turn the mass forces, the friction forces and

the pressure in the hypothetical flow separately and see whether

they will be in equilibrium. The mass forces of each element

of fluid compare with the mass forces of the corresponding ele-
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ment in the similar and physical flow in keeping with the square

law. If the friction forces would also be in keeping with this

law, the pressure which is the resultant of all friction forces and

mass forces would necessarily follow. Whence we conclude that

the hypothetical flow is physically possible, and furthermore,

is complying with the square law, if all friction forces follow

the square law.

Now the friction forces are increased proportional to LV,
where L denotes a characteristic length and V a characteristic

velocity, whereas the mass forces are increased proportional to

LzVz
p. Hence, both are increased in the same ratio, if

LVp = L*V*p

or if R =
7- remains constant.

H/p v

The last expression is called Reynolds Number, but should be

called Reynolds parameter.
2 Different combinations of scale,

velocity, and fluid give the same coefficient if Reynolds parameter

is the same. Its form indicates that a smaller scale can be

compensated by a larger velocity or by a smaller kinematic

viscosity of the fluid, or by certain combinations of changes of

these two. If Reynolds Number is different, the coefficients

cannot be expected to be equal, but they must be determined

separately. On the other hand, it is unnecessary to determine

the coefficients for different combinations having the same

Reynolds Number. The result of a complete investigation of a

coefficient of a special geometric shape is naturally laid down

by plotting or tabulating the coefficient against the Reynolds

Number. A larger Reynolds Number means smaller viscosity,

all other things being equal, but it does not necessarily mean

smaller friction forces. The Reynolds Number really has no

physical meaning beyond being a parameter. Its magnitude

depends on the arbitrary choice of the characteristic length and

' See reference 11, page 175.
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velocity, and every mathematical function of it could be used

in the same way.
The problem how the coefficients change with the different

parameters has so been reduced to the problem of how they

change with the one Reynolds parameter. No general theory
about this latter problem exists; the answer is almost entirely

left to experimental investigation.

61. Surface Friction

The most important effect of the viscosity of the air is the

creation of a drag on any solid moving through it. We saw that

the creation of lift is always accompanied by a drag called the

induced drag even in perfect fluids. In actual air, all bodies

experience a drag while wings experience a drag larger than the

induced drag. This drag, or with wings the portion of it in excess

of the induced drag, is properly called friction drag, as it is in-

timately connected with the internal friction of the air.

The friction drag must not be understood, however, to be

transferred to the moving body by friction merely, being the

resultant of all tangential air force components on the surface

of the solid. The friction drag is larger than that it is the re-

sultant of both the tangential and normal air force components.
The pressure distribution in viscous air itself has a drag com-

ponent, which adds to the drag component of the tangential

forces. Both together form the friction drag.

This division of the friction drag into two parts, separating

the effect of the tangential forces from the effect of the normal

pressures is well denned in itself, although it is often difficult

to make the separation. Nor is the designer much interested

about the division as far as the effect is concerned both kinds

of drag are equally undesired. Nevertheless it is useful to divide

the drag that way into a form resistance and a surface resistance,

because the latter, the effect of the tangential air forces, can

often be estimated. That gives then the minimum of the drag

to be expected. If the surface drag forms a considerable portion
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of the friction drag, all efforts to diminish the friction drag by
more elaborate streamlining appear futile at the beginning, and

the knowledge of the magnitude of the surface drag may restrain

the designer from over-streamlining and increasing the drag

thereby.

Pure surface drag is measured on plane surfaces. It depends

on the kind of boundary layer, whether laminar or turbulent,

and is not always alike under almost equal conditions for that

reason. The boundary layers along surfaces of aircraft parts

are generally in turbulent motion. The coefficient of the surface

friction can then be expressed as a function of the Reynolds

Number. The relation is derived from observations; theory pro-

vides some interesting comment on the form of the expression,

but is unable to figure it out without recourse to experience.

The coefficient of surface friction CF is denned by

Cf = F/Sq

where F denotes the friction force, S surface of the plate (both

sides) and q the dynamic pressure corresponding to the velocity

of motion. The Reynolds Number is formed by choosing the

length of the plate in direction of the motion as the characteristic

length. The surface friction coefficient is expressed by:

C* = 0.074/^1 R=Vl/v

The application of this formula to the computation of the

surface resistance coefficient of curved surfaces is not strictly

justified, but it leads to useful estimates. Let us apply the

expression to the case of an airplane wing with a chord of 200

cm., moving through the air with a velocity of 4,000 cm./sec.

The modulus of viscosity of air depends on its temperature, and

is about 1/7 sq. cm./sec. under average conditions. This value

must be combined with the velocity and length in cm./sec. and

cm. respectively. The Reynolds Number for the wing is, there-

fore, R = 200 X 4,000 -*- 1/7 = 5,600,000. Inserting this Rey-
nolds Number into the expression for the surface drag coefficient
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gives the value Cp = 0.074/^5,600,000
= 0.0033. The drag

coefficient of wings is generally referred to their projected area,

and this being about half as large as their surface, the drag
coefficient of surface friction would be twice that large.

62. Influence of the Compressibility

The pressures at the propeller tips are much larger than at

all other points of the aircraft. The question arises about the

influence of the compressibility of air on the propeller forces.

Such influences are indeed appreciable, but the theoretical study
of this question has not yet yielded useful results. Any de-

tailed discussion about the effects of compressibility therefore

seems out of place.

Even in a perfect fluid, a drag is possible if the velocity of

flow reaches the velocity of sound of the fluid. This happens
before the velocity of motion becomes that large. Propellers

have actually been used with a tip velocity reaching the velocity

of sound without a drop in the efficiency. It seems then that

this drag caused by compressibility is not necessarily large.

The velocity of sound is the velocity of propagation of any

pressure differences, and this is why it is the critical velocity

for compressibility effects. Incompressible fluids have an in-

finite velocity of sound, and fluids can be considered as in-

compressitye so long as the ratio of their velocity of sound to

the largest velocity of flow is very large. This ratio is character-

istic for the effect of the compressibility and plays a part similar

to that of the Reynolds Number in the theory of viscosity effects.

63. Synopsis

The square law is only approximately correct. It expresses

that all corresponding air forces vary with the square of the

velocity and with the square of the linear scale, but directly

with the density, if these three change and everything else re-

mains as it was.

Reynolds model law expresses the condition for the strict
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correctness of the square law. The square law is strictly true,

if in the two cases compared the Reynolds Number has the

same value. This number is computed for both cases; it is

equal to:

_ ,, vr i Length X Velocity
Reynolds Number = v . ,,. /J Kinematic Viscosity

The coefficient of the surface friction is equal to this friction

per unit surface, divided by the dynamic pressure of the motion.

This coefficient for turbulent flow has the magnitude

Cr = 0.074/v^, where R - Vl/v

64. Problems and Suggestions

1. The drag of an airplane strut is 1 Ib. per running foot.

The cross-section is enlarged to twice the original scale. How

large is the drag per running foot, everything else remaining

unchanged?
2. An airplane flies at sea level at a velocity of 100 miles per

hour. What is its velocity at an altitude of half the density of

air, if it flies there at the same angle of attack?

3. How does the horsepower absorbed at that height compare
with the horsepower absorbed at sea level?

4. By what fraction has its weight to be diminished if the

horsepower at half the air density has to be the same as at sea

level?

5. Two similar propellers on a test stand have the diameters

8 ft. and 11 ft. What is the ratio of their horsepower absorbed,

if both run at the same r.p.m.?

6. Compute the Reynolds Number for a wing with a 10 ft.

chord, flying at a speed of 90 mi./hr., taking the chord as char-

acteristic length, if the kinematic viscosity of the air is 1/50

in2/sec.

7. The viscosity of air is independent of its density, hence,

its kinematic viscosity is inverse to its density.

8. A model at a scale 1 to 10 is tested in compressed air at
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the true flying velocity. How large must be the density to obtain

the true Reynolds Number?

9. How large has the density to be if the speed will be so

adjusted as to obtain 4 times the true pressures?

10. A model tested in atmospheric air at the true Reynolds
Number experiences the true air forces, but not necessarily the

true air pressures.

11. Compute the surface friction of a vane 2 ft. in length

and 2 ft. in height, moving through air with the density 1/420
Ib. sec2

/ft
4 and the kinematic viscosity I/SO ina

/sec. at a velocity

of 80 ft./sec.

12. Compute this friction in air of twice this pressure.



CHAPTER IX

MEASURED AIR FORCES

65. Outlook

In this last chapter we introduce the reader into the study

of the actual air forces. We discuss the more important diagrams

used and coefficients employed. The main results of the theory

appear in a particularly simple form when written as relations

between the coefficients. The theoretical air forces are compared

with the true air forces and some broad statements added about

the magnitudes of the latter, and the test methods.

The aim of this last chapter is the same as the aim of the

whole book: to assist the reader in obtaining a firm hold of the

immense amount of empirical information on air forces collected

during the last fifteen years.

66. Airship Forces

We are dependent on tests with actual airships for the de-

termination of the airship forces. Wind tunnel tests arc too

unreliable on account of the small model scale required. The

airship drag is either computed from the absorbed horsepower

or it is determined from deceleration tests. At full speed of the

airship all engines are suddenly stopped, and the rate of decrease

of its velocity is observed. The decelerating force is computed
therefrom by means of Newton's law and the parasite drag of

the stopped propellers subtracted. The gross drag so obtained

contains the drag of the accessory parts as the cars, radiators

and fins.

The mass to be substituted into Newton's equation is sub-

stantially the mass of the airship, which again is equal to the

mass of the displaced air, since the ship has to be in static equilib-

150
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rium, with all its weight carried by buoyancy. The additional,

apparent mass of the hull must be added, only a few per cent

of the entire mass.

The observed velocities are evaluated by plotting their re-

ciprocals against the time. This follows from the square law.

The drag being proportional to the square of the velocity, it can

be written in the form D = AVz

p/2, where A, the area of drag,
is approximately constant. Hence, K denoting the mass of the

ship, the motion is determined by the equation

-KdV/dt**AV*P/2

The solution of this differential equation can be written:

W4
t

where v denotes the effective volume

From which 1/7, the reciprocal of the velocity, follows to be

proportional to the time, measured from a suitable origin.

Hence, when plotted against time, it should give a straight line.

The slope of this line is equal to the area K of the drag, divided

by twice the effective volume of the airship, the latter including

the volume of the additional apparent mass.

Since the reciprocal of the velocity is used, it is practical to

determine the velocity by means of anemometers rather than

by taking air pressure measurement. Such anemometers, a

kind of small windmill, can easily be constructed to record the

time elapsed between equal numbers of revolutions of the

anemometer wheel. This time is proportional to the reciprocal

of the velocity. Anemometers are better suited for recording

small velocities than pressure instruments, as their effect is

directly proportional to the velocity, not to its square.

Figure 28 shows a plot of the reciprocal velocity against the

time as obtained for the Zeppelin Airship L 70, It appears that

the observed points arrange themselves along a broken line con-

sisting of two straight lines, This indicates that the drag co-
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efficient suddenly changed during the test, increasing to a larger

value. The value observed at the larger velocities is the one of

practical interest.
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Figure 28. Plot of Airship Deceleration

The drag of airship hulls is expressed by a drag coefficient

Drag
Area X Dynamic Pressure

where the area is often chosen as the % power of the volume.

That seems to be a little far-fetched, but the coefficients show

the relative drags of different hull forms of equal buoyancy.
The magnitude of these coefficients for Zeppelin ships was about

0.02. Table III gives the values for several types. In this

table, d and I denote the maximum diameter and the length.

It is interesting to compare the fourth column, the area of drag,

with the one computed from the expression for the friction drag.

For this estimate the surface is assumed to be ^ of the circular

cylinder with the diameter d and length J, which fraction in-

cludes the fin areas and CD is taken 0.0014. The computed
values are given in the fifth column of Table in. The surface

friction is seen to be about half the total drag. The last column
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of the table gives the coefficient computed by dividing the total

drag by (Vol.)
2" X V-p/2.

TAIILK TIL DRAG or RIGID AIRSHIPS

We proceed now to the moments. A paradox though it may
seem, the airship hull theory is supported by tests with models

of hulls having fins, rather than with bare models. This, however,

gives a practical value to the theory, as airship hulls without

fins are not used. The theory gives a moment of the air forces

only, no resultant lift, Bare hull models show a lift when in-

clined towards the direction of the air stream in the wind tunnel.

This indicates the pressure distribution. Hull models with fins

likewise give a lift. This lift now can be attributed to the fins

Figure 29. Airship Model

and to the portions of the hull influenced by the fins, and then

the resultant moment of the pressures over the remaining por-

tions of the hull agrees with the one predicted by theory.
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This is demonstrated by the following model test, at which

the lift and the moment with respect to the center of volume

were measured. The model, represented in Figure 29, had a

length of 1,145 mm., a maximum diameter of 188 mm. and a

volume of 0.0182 m8
. Two sets of fins were attached to the

hull, one after the other. The smaller fins were rectangular,
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Figure 30. Plot of Airship Forces

6.5 by 13 cm., and the larger ones, 8 by 15 cm. The two-thirds

power of the volume is 0.069 m2
. In Figure 29 both fins are

shown. The diagram in Figure 30 gives both the observed lift
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and the moment, expressed by means of coefficients. The lift

is divided by the dynamic pressure and by the two-thirds power
of the volume; the moment is divided by the dynamic pressure
and by the volume.

If the difference between the observed moment and the

moment computed by means of the theory is computed, and this

difference divided by the observed lift, the apparent center of

pressure of the lift of the fins is obtained. Diagram Figure 31

shows the position of the center of pressure so computed. The
two horizontal lines represent the leading and the trailing end
of the fins. It appears that for both sizes of the fins the curves

nearly agree, particularly at the larger angles of attack, at which
the tests are more accurate. The center of pressure is situated

at about 40% of the chord of the fins. Without this lift, con-

centrated in the vicinity of the fins, the air forces would then

constitute a pure couple of the magnitude given by the theory.

2 4" 6" 8 /0 12" 14* 76 /0*
Angle of oftack

Figure 31. Center of Pressure of Fin Forces

<57. Wing Forces

The determination of the aerodynamic characteristics of wing
sections has formed the main portion of the wind tunnel research

of the past years, and it seems that it still does so. The steady

flow of incoming information about wing forces has assumed
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definite shape; standard practices have developed with respect

to the coefficients used and the choice of diagrams adopted for

their representation. An intimate knowledge of them is indis-

pensable to the aerodynamic engineer, together with the main

theoretical relations between these coefficients.

The tests are generally made with rectangular wing models

having equal and parallel sections along the span, and an aspect

ratio of this span to the chord of 5 or 6. The lift coefficient,

drag coefficient, and moment coefficient are obtained by dividing

the force by the wing area and by the dynamic pressure; the

moment is divided besides by the length of the chord. This

moment refers ordinarily to the leading edge, but lately some

papers have come out where it referred to a point at the chord

25% behind the leading edge. In agreement with theory this

point gives a moment coefficient almost constant over the used

range of the angle of attack.

In some foreign countries, and formerly in the United States

as well, half of the above coefficients are in use; they were

originated from dividing by the product of the velocity squared

and the density, rather than by the dynamic pressure. Still

other coefficients are odd multiples of the standard coefficients,

but these are not absolute and will be abolished sooner or later.

In addition there are used the ratio of the lift to the drag, and

the center of pressure. This latter is the point at the wing
chord with respect to which the moment of the resultant air

force is zero. This is generally a different point for each angle

of attack, the center of pressure is said to "travel." It is ex-

pressed by its distance from the leading edge in per cent of the

chord length.

Normal force and tangential torce signify the components
of the resultant air force at right angles to, and parallel to, the

wing chord. The tangential force may become negative, whereas

the drag is always positive. Their coefficients are formed in the

standard way, and are denoted by C n and C t ,
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Proceeding now to the methods of plotting these coefficients,

two different diagrams are chiefly used. The one diagram devel-

oped from the way the tests were made; the angle of attack of

the model is varied and the air forces are measured each time.

Accordingly, these forces, or rather their coefficients, are plotted

against the angle of attack, This diagram then contains three

curves, the lift coefficient, the drag coefficient and the center

of pressure plotted against the angle of attack, The polar

diagram or lift curve, on the other hand, has the lift coefficient
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as the independent variable, and against it are plotted two

curves, the drag coefficient and the moment coefficient. Lift

and drag arc plotted in their natural position, therefore the

moment coefficient is plotted to the right, which is a somewhat

unusual way. The angle of attack is usually inserted in writing

at different points of the lift curve. The scale of the lift coefficient

is one-fifth of the scale of the drag coefficient.

The polar curve more easily admits a comparison of results

from tests made with models of different aspect ratio than the

other diagram. We shall immediately sec that the curve of the

induced drag can be plotted into the polar diagram without any

regard to the test results. This curve is a parabola that depends

on the aspect ratio only. It is usually inserted and shows

then at a glance the friction drag of the section. Furthermore,

the moment curve in this diagram is a very regular curve making
it easy to interpolate points between the tests. The center of

pressure on the other hand is directly used by the designer.

It seems as if both kinds of diagrams are going to be used side

by side, the polar for research and the ordinary diagram for

design.

The full advantage of the coefficients can only be derived if

the theoretical relations between them are known. They are

obtained by dividing the air forces in the standard way. The

following equations appear then:

The induced angle of attack is

a f
=

CijS/irb^ in radians

The induced drag:

CD,
- Ci*S/TTb*

The lift coefficient as a function of the effective angle of attack

in radians:

For biplanes, the aspect ratio is the ratio of the entire area of

both wings divided by the square of the spa-
rnu " flr ~<-i"
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aspect ratio, to be used in the computation of the induced angle

of attack and drag, is the ratio of the area to the square of the

effective span, discussed in Section 48. It is about 10% larger

than the actual aspect ratio. Figures 32 and 33 show the same

test results, plotted in the two kinds of diagrams.

Figure 34. Lift Curves for Different Aspect Ratios

Numerous other polar diagrams published show the friction

drag to be comparatively small within the useful range of the

angle of attack and by far less variable than the total drag.

The drag coefficient of any wing is computed from a model test

by assuming the friction drag coefficient to be independent of
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the aspect ratio. The induced drag is computed for the tested

wing and for the designed wing; their difference is added or

subtracted to the total drag observed. This becomes clearer

in the diagrams. In the polar curve, the parabola of induced

a

1*1
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Figure 35. Reduced Lift Curves for Different Anpect Ratios

drag for the aspect ratio of the designed wing is plotted, and the

friction drag, that is, the horizontal distance between the original

parabola and lift curve, is added to the right. This has been

done for five model tests represented in Figures 34 and 36.

In Figure 36 the polar curves are plotted as observed, and in

Figure 35 all are reduced to the same aspect ratio. It is indeed
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remarkable how well they coincide afterwards with the curve
obtained at that aspect ratio.

The same procedure can be followed with the angle of attack.

Deduct the induced angle of attack of the model and add the

induced angle of attack of the design.

20 100 (,&

Figure 36. Polar Curves for Different Aspect Ratios

As the angle of attack increases more and more, the lift curve

ceases to follow parallel to the theoretical curve, and breaks off.

With some sections, it falls off, but with good sections the lift

coefficients retain their maximum value over a large range of the

angle of attack. The critical angle at which the lift ceases to
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increase is called the burble point, the air flow becomes burbling
and the wing leaves a wake of whirls behind it. The drag is

correspondingly large. With sections having equal upper and
lower curves this burbling point is at a value of about 0.8 for

4*
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Figure 37. Reduced Polar Curve* for Different Aapcct Ratios

the lift coefficient. S-shapcd sections may reach a lift coefficient

up to 1.2 with equal absence of the travel of the center of pressure

as with symmetrical sections, and with as small a drag. Curved

sections may reach a lift coefficient up to 1.8.

The minimum friction drag coefficient is about 0,01 up to

considerable values of the lift coefficient. This is of the same
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order of magnitude as the surface friction, and a good con-

firmation of the theory.

In Figure 38 is represented the polar curve of an S-shaped

section so designed that the moment is zero at all angles of attack.

Figure 38. Polur Curve and Moment Curve of an S-shapc

Wing Section

This is, of course, the moment with respect to 25% of the chord.

The diagram shows very good agreement with the prediction;

the moment curve is practically coinciding with the vertical axis.
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The theoretical relation between the lift coefficient and the

effective angle of attack is less exactly confirmed by experiments.
The lift is smaller than expected. Just how much could only
be decided by statistics of the tests. No such statistics have
been made for the last ten years. In 1918 the author collected

statistics of the wing section tests then available. The rise of

the lift coefficient per degree increase of the effective angle of

attack was found to be around 0.10. This commits itself easily

Ffoure 39. Plot of Lift I'roilucud by
Klovator Displacement <

to memory. The theoretical value is 2/57.3. The lift would

then be 90% of the theoretical value. This is partially explained

by the finite thickness of the section, particularly the curvature

of the leading edge, reducing the effective chord length. Even
without that the agreement is not so bad. Furthermore, the

tests then available were made at wind speeds of the tunnel

now considered as unusually small. The more recent tests may
give a larger value of this very important physical constant.

In Figure 39 the lift observed with a stabilizer and elevator

model at differing settings of the elevator and at different angles
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of attack of the stabilizer is plotted. The resulting curves are

practically parallel straight lines and confirm the linear relation

suggested by theory. The numerical relation between the angle

of setting of the elevator and the lift coefficient is likewise as

predicted within reasonable limits.

68. Wing Moments

Test results referring to the relation between the induced

yawing moment and the rolling moment of wings are represented

in Figure 40. The coefficient of yawing moment is plotted against

the coefficient of rolling moment. Both coefficients arc obtained

by dividing the moments by the same quantity, which is the

product of the dynamic pressure, the square of the span, and the

sum of the chords of the upper and lower wings.

A glance at this diagram makes it at once apparent that the

type of relation suggested by the theory has actually been ob-

served by these tests. The individual curves for particular angles

of attack are substantially straight lines, passing through the

point of origin, which shows that the ratio of the two moments

is constant for each angle of attack. Furthermore, the tangents

of the slopes of these straight lines are substantially a linear

function of the angle of attack. The slope zero occurs at an angle

of attack about 2. This angle 2 is the angle of attack

of zero lift for the airplane in question. The yawing moment

appears to be proportional to the lift coefficient, in agreement

with the formula. It remains only to examine how far the

agreement includes the magnitude of the factor 3/7r. Since the

type of relation has been demonstrated to agree, it is sufficient

to check the factor for one condition only.

We choose for such check the angle of attack 12, having a

lift coefficient CL -96. The diagram gives MJMT
= .25.

The wing area of the airplane is 188 sq. ft., and the span is 26.6

ft., giving an aspect ratio
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Hence our formula gives likewise:

My/Mr
=

3/ir CL = .96 X 3/3.75* = .25

That happens to be a very good agreement. An error of some

IXT cent should be expected, as, in the computation, the lift

distribution is somewhat arbitrarily assumed. Substituting the

effective aspect ratio of the biplane for the nominal aspect ratio

b"/S would indeed decrease the result somewhat.

-008 -0.06 -0.04 -0.02

Rolling momvnf coefficient, fffa)

Figure 40. Plot of Rolling and Yawing Moment

69. Propeller Forces

Propeller research has been curried on less extensively than

wing research and has remained more superficial, No standard

practice about the use of the coefficients or of diagrams has

developed. The slipstream theory suggests the use of the thrust

coefficient

T
CT '
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giving the slipstream velocity v at the propeller by

The progress of the science would be best served by plotting this

ratio, computed from the observed thrust coefficient, against the

ratio U/V of the tip velocity divided by the velocity of flight.

The torque or power coefficient corresponding to the thrust

coefficient given would be

c _ P
p ~ F3

p/2 D* 7T/4

Figures 41 and 42 give the relations between the two coefficients

and the slipstream velocity ratio graphically. The equation
between the torque coefficient and the slip ratio -w/V is

CP = l
A(i*>/Vy + 2(w/VY-+ 2(w/V)

The available tests show the minimum losses to be in sub-

stantial agreement with the slipstream theory together with the

friction losses of ordinary wings. There is, therefore, not much

possibility left for a considerable improvement of the maximum

propeller efficiency. The development is chiefly directed towards

improving the overall efficiency over a larger range of conditions.

The computation of the thrust is not as important right now
as it was formerly, since adjustable pitch propellers arc now
much in use. The comparison of the observed thrust with the

computed one is still of interest, as it throws some light on the

conditions of flow.

Figure 43 contains three slip curves, taken from an analysis

of propeller model tests made by W. F. Durand. Computation
gives a mean slope of the' slip curves .10, the tests give .13.

The explanation of this large difference is beyond the scope of

this book, nor has it yet found its way into literature.

70. Parasite Drag

The theory of the drag of blunt bodies is very scanty. All

that can be said is that the average wake velocity will not greatly
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Figure 41. Abacus for Thnut Coeffi-

cient and Relative Slip Velocity

Figure 42, Abacus for Torque Coeffi-

cient and Relative Slip Velocity
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Figure 43. Plot of Relative Slip Velocity
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exceed the velocity of motion, nor will its cross-section greatly

exceed the front projection of the body. This would give a draff

coefficient referring to this projection near 1. Experience shows

it to be up to 1.7. This includes circular roils and cables. Nor

does it seem possible to obtain a larger coefficient as with para

chutes where it would be desired.

The drag coefficients can be diminished by streamlining.

Strut sections have a drag coefficient down to .10 or .09. The

ratio of length to width is then 2.5 to 3. Longer sections have

a larger drag coefficient again as the surface friction assumes

then too large values. Streamlined spindles may have a draff

coefficient down to .04.

71. Synopsis

The drag coefficient of elongated airships of the riffid type

goes down to .02, where the coefficient refers to the ~A power of

the volume. The coefficients for blunter slmiK'S are smaller,

down to .01. The wing forces are represented by the lift coeffi-

cient CL and the drag coefficient CD referring to the wing area.

The minimum drag coefficient is .01, the maximum lift coefficient

up to 1.8. The induced angle of attack is C//TT S/b-\ the

induced drag coefficient is CL
Z
/T S/b

2
. Hence, it appears as

a parabola in the polar curve lift coefficient plotted against the

drag coefficient. The theoretical maximum efficiency of a

propeller is

where CT is the thrust coefficient referring to the velocity of

flight and to the area of the propeller disc. The lift coefficient

per degree effective angle of attack is about .1.

The smallest drag coefficient of spindles is .04, of struts is .09,

the drag coefficient of blunt shapes is 1.0 to 1.7 including

cables and flat discs.
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72. Problems and Suggestions

1. The drag of a strut 2 in. in width and 6 ft. in length

at a velocity of 220 ft./sec. and air density of 1/420 Ib. seca
/ft

4

is 11 Ib. Compute its drag coefficient.

2. The drag per foot length of a strut is .6 Ib. How large is

the drag of a strut twice that width with a similar cross-section,

all other conditions remaining equal?

3. The horsepower absorbed by an airplane flying at the same

altitude with different velocity is proportional to Co/Ci?
1
*.

4. The wing loading of an airplane (weight per sq. ft. wing

area) is 6 Ib./sq. ft., and the plane is flying at a velocity of 100

mi./hr. in air of the standard density at sea level 1/420 Ib.

seca/ft
4

. At which lift coefficient is it flying?

5. The center of pressure of a wing lies at a distance Cm/C n

from its leading edge.

6. The drag cocfiicicnt of a wing model with an aspect ratio

6 at the lift coefficient 0.8 is 0.1. How large is it for the aspect

ratio 4 and the same wing section and lift coefficient?

7. A circular disc with the drag coefficient 1.0 has the same

drag as a round cigar-shaped spindle with the drag coefficient

0.07. How large is the maximum diameter of the spindle?

8. How large is the lowest landing velocity of an airplane

weighing 2,000 Ib., the wing area being 400 sq. ft., the air density

1/420 Ib. sec2
/ft

4
,
and the maximum lift coefficient of the wing

section 1.4?

9. The coefficient of induced drag of an airplane is inverse to

the fourth power of its velocity.

10. Compute the maximum theoretical efficiency of a pro-

peller, if its thrust coefficient is equal to 1.

73. Conclusion

The application of fluid dynamics to aeronautic problems is as

simple as the application of any other technical science. The

results arc as useful and indispensable for the further progress

of the art. This application requires mere arithmetic. The
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underlying principles of the science are not more involved than

the principles of the theory of elasticity or of the electro-magnetic

theory; they appear more difficult only because the science is

newer and there are not yet many competent teachers. This

difficulty will be removed in time, and in the same degree more

good will be derived from the science.

Theory fails thus far to give sufficient account of the causes

of turbulence and whirling. It is this question around which

further progress of the science centers, and important progress

is being made from year to year in the European centers of

research. Nowhere, however, is fundamental flow research car-

ried on at present in this country. As the results of this European

work, theory will become even more useful and will contribute

even more towards improvement of aeronautic arts.
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SELECTED TAPERS OF MAX M. MUNK

I. PAPERS PUBLISHED IN GKUMAN IN THE "TKCHNISCIIK BKUICIITE"

ISSUED BY THE "INSPECTION DKS. 1?I.IKC!KUTRU1>1'KN,"

CHARLOTTENBUKG, 1916 TO 1918

All of them are made available in English translation by the U. S. Nat.

Adv. Comm. for Aeronautics Abstracts have been issued in convenient

small books by the British Air Ministry as "Air Publication No. 1120 and

No. 1121."

1. Untersuchung eines Leitwerks mit verschobener Ruderachse. (Experi-

ments on a tail plane with displaced elevator axis.)

2. Systematischc Vcrsuche an Lcitwerkmodellcn. (Systematic tests on

control and stabilizing surfaces.)

3. Bcricht ucbcr Luftwidcrstandsmessungen an Slrebcn. (Measurements
on the resistance of struts.)

4. Die Mcssungcn von Fluegelmodellcn in dcr Goettinger Anstalt. (CJoet-

tingen experiments on wing models.)

5. Together with G. Cario: Flucgcl mit Spalt in Fahrtrichtung. (Wing
with gap in the direction of flight.)

6. Together with E. Hucckel: Wciterc Untcrsuchungen an Fluegelmo-

dellen. (Further investigations of wing sections.)

7. Same: Systematischc Messungen an Fluegelmodellen. (Systematic

wing model experiments.)

8. Together with C. Pohllmuson: Mcsaungen an einfachcn Flucgelprofilen.
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elevators and tail planes.)

10. Einzelfluegel mit zugespitzten Enden. (On aerofoils with tapered tips.)

11 Bcitrag zur Aerodynamik dor Flugzcugtragorgane. (Contribution on

aerodynamics of wings.)

12. Mossungen an Rumpfmodcllen. (Experiments with airplane bodies.)

13. Rumpf und Schraube. (Fuselage and propeller.)

14. Stirnkuchlcr und Tragflacchonkuehler, (Front radiator and wing
radiator.)
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on the resistance of struts.)

16. Together with E. Hueckel: Der Profilwidorstand von Trogfluegcln,

(The profile resistance of wings.)

17. Same: Weitere Goettinger Flucgelprofiluntersuchungen, (Further

Goettingen wing section tests.)

18. Together with G. Cario: Luftstromneigung hinter Tragfluegcln,

(Downwash behind wings.)
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NOMENCLATURE

The following aeronautical expressions tire used with a meaning not

defined elsewhere:

Ancle of attack. Actual or geometric angle between a wing section chord and its

motion relative to the air unaffected by the wing.

Angle of yaw. The angle between the wing span anil the plane at right angles to its

motion relative to the air.

Aspect ratio. The nit in of the wing spun and the average wing chord, obtained by
dividing the w|u:uv of the span by the entire wing area of the airplane.

Bow. The front portion of an airship hull.

Drag. The air force component parallel to the motion of the solid relative to the

air unaffected by it.

Elevator. In this book, any movable surface hinged behind an immovable surface

and drawn through the air. In practice, only the horizontal tail control sur-

face is called elevator.

Elevator section. The cross-section through the elevator and the immovable

surface in front of it.

Gap. The distance of one wing in a biplane or multiplane from the chord of the next.

Lift. The air force component at right angles to the motion of the solid relative

to the air unaffected by it.

Strut. Structural compression member drawn through the air.

Wind tunnel. An air jet to which objects will be exposed in order to study their

air pressures and forces.

Wing, A surface moved through air for the creation of lift (not half such surface).





Pr. 1.

SOLUTIONS TO PROBLEMS

Chapter I

A 3I> + Ax

f
___

c
2

(.v" -f- f+ c-)"/
3

(a? + f+ su)

s
1

! i

t7a*
* Iml llrly

"

A* -H y-+ c?)
6/8

(.v-+ y-
1+ s

a
)/

2

iintl thus OM'/dj^+a^/OyH^I'/^^O, which is Laplace's

Equation.

/I/jt
a

,
for y = 0, =

0, and w M>/9s 0, for y = 0, z =

ilcnro the velocity along the x axis is /I/a
2
,
directed away from

the origin.

3^ 8w 2Axy
df" By" (tf+fY

'lic flow ia one of constant density, since 3**/ch? +

/. zero rotation.

Pr, 3. H- a*/fly-/I,-3,w-C)

Pr. 4. Given 4,* -f 4>M+ * -
;
take the * derivative of this func-

tion: it ia $, + *,* + $, - 0, but by the commutative law

$ + $m+ * " 0, hence *
ffl satisfies Laplace's

Equation, Q. E. D.

181
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Pr. 5. This is a corollary of the theorem proved in Problem 4, and

follows directly by the definition of velocity potential.

Pr. 6. It will be seen that the flow is parallel to the x axis on all

the axes, with V = A/r*. Elsewhere the flow is oblique.

Pr. 7. v = and w = when x = 0, hence parallel flow.

7? 1

ux+ vy + wz " showing that the flow is
A
"

2 i 2

normal to the radius of the sphere at its surface.

Pr. 8. F2
p/2 = 1202

/840 = 17.1 lb./ft.
2

Pr. 10. 602
/840 = 4.3 lb./ft.

2
dynamic pressure at a large distance.

1202
/840 = 17.1 lb./ft.

2
dynamic pressure at surface of sphere.

17.1 - 4.3 = 12.8 lb./ft.
2 below distant pressure.

Pr. 1 1 . The radial component of the velocity of motion of the cylinder

must equal the radial component of velocity of flow. Introducing

the polar coordinates r and 6, where r2 = a2 + f and tan0 = y/x,

the former velocity becomes cos0; the latter = d$/dr = d/dr

( cos0/r) = cos^/r
2 = cos0 = x, Q. E. D. In a portion of the

r
2*

cylinder of length = I, the kinetic energy = T = p/2 / cosW0
'o

= p?r/2, and thus the volume of apparent additional mass is T.

Pr.12. w' = 5/4Xw=5/4X^/g; a- W/m' - 4/Sx g.

Chapter n

Pr. 1. of/a? + y
z/W = 1, equation of ellipse.

5=ry2 = 7r6
2 - (vV/a^A

F=k- dS/dx= 2ir k - &/& - x= k'x, Q. E. D.

Pr. 2. M = Vol. (As
-

*i)g sin2a

= 47T/3 X 352 X 350 X .940 X 902
/840 X .139 = 2,260,000

Ib. ft.

Pr. 3. dF/dx = F2
p/2

- sin2a( 2
-

y*= 352 -
(35

2/350V;*= S0,y- 1,200;*- 150, f = 1,000

F = 902
/840 X .139 X .940 X 200rr = 791 Ib.
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P. - 90+ 90 x .139x .0298 = 90+ .4= 90.4, B, = 9 70

Ib./ft.-
1

"
I'.,

- 00 -.4 89.6, qt
= 9.55 Ib./ft

2
, ?I

-
q, = 0.15 Ib./ft.

8

Alternate method, by force on 1 ft. segment, assuming uniform
pressure gradient t!p/dy:

til1
"

d<;

dx q sin2(A3
-

i-,) ^ 9.65 X .139 X .94 X
*)

faX 100 -7.9 Ib./ft.

"o.i5iii./n.3

Pr. 5. 2,2fA<WO/275 8,220 lb.

Pr. 6. I'-' p 2 9.65 Ib./ft.
8 tibuve atmospheric.

Pr. 7.
'*--" " 9^4 lb./ft., 0.19 lb./ft.

J
belowatmospheric.

. a. ,- -

bdtiw almosphcric.

'/.v 1,021 x W

X .?SO - 347, highest pressure is 3 ft. from nose an bottom of bow.

3SO -

p<int af iowcAi pmwure fnn center.

Pr. 10. .021 x (4An* x 35 x 350 x (90/840) - 376,000 ft. Ib.

Pr, 12, f - l

; , - Vol. - 5?
X^^Wx 350 _ 3(47Q lb

{"centrifugal force)

Pr. Ii. M - ft - 3,470 X 275 - 954,000 lb. ft.

Pr, iJ, y , S - */ - wVj F - * rf$/<fc - 2forc* - *'*, Q. E, D.
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Chapter III

Pr. 1. v = A cos$/sin5; 4 = K, s = H, cosS = }4, sin5 = .866;

fl = .289 ft/sec.

. - cosS . , cos26 - sin25 cos25
Pr. 2. v = _ smo = .. = .

tan6 sm6 smo

v sin5 = ./li cos5+ 2A* cos25+ 34 3 cos35 . . .
= cos25,

thus4 2 = H, ^Li= -4s=

wsin5= ^isin5 + 2^2sin25+34 3 sin35 . . . = sin25;

u = sm25/sinS
^> = Ai sin6+ A* sin26+ ^3 sin35+ . . . = Y% sin25

Pr. 3. Yes, by definition of $>.

Pr. 4. w = cosS; u sin5 = -4i sin5 + 2A Z sin25 + 34 3 sin35+ . . .

= H sin25; v sin6 = ^ cos26; u = cos26/2sin5

Pr, S. = ^L cos5/sin5; A = 30, cos5 = .4, sin .3, vi - 40 ft./sec.

^L = 30, cosS = 0, sin6 = 1, a =

^ = VlV2 = 402
/840 - 1.91 lb./ft

2

Pr. 6. u=Kz= X cosS; z = 1, w= 30, .'.1C- 30 ft./sec.

Pr. 7- Edge: cosS = 1, cos25 = 0, sin5 ==

__
K cos25 _ K(l 2 sin25) = K /I__

w "
2 sin5 2 sind 2 \sin5

888 1S

Pr. 8, u = 15,
= 15 cos5/sin6 = 15 (l/sin5) at end.

Pt. 9. One-fourth from end.

Pr. 10. r- AJwrp/2, n= 2, ^ 2
= JC/4- 7.5, T = 56 25

2T 30 , , j
2^ 2

7TP _ 7TP

/ =
^-; Angular vel. = co = y rad./sec.; / =

^Ay
-

g

Pr.ll. *=log^;^--^--^

Longitudinal vel. = i transverse zero, along the line.



SOLUTIONS TO PROBLEMS 185

Pr.12. $= flog 3; /?= ~
fo '

s

Longitudinal velocity zero, transverse = 1/x, along the line.

Pr. 13. <I>i
= sin; v\ = cos5/sin<5

=

>i
=

2 ,
/I = 1; <I>2

= 5

Chapter IV

Pr, 1. 7,=-^. 2T(a+.I6);Affi
= j5a

ATr/L - 1
;
a = 2a+ .16; a = - .16 = - 9.2

Pr. 2. Ci. = 5 X 2;r X ,16/jS
1 = 1.0

Pr. 3. From Figure 11, for e/c = .33, a^/* = .66; * S/.66 - 7.5

Pr 4. Negative, as seen from the graphical method.

Pr* S. Lift by Gauss
7

method, n = 2:

1 1% chord: .v - .78, .05 X \/l"- ^ - -0244

W;; chord: {--.0244
ivu

- 265(- .0244J/2+ 32(.0244)/2 = - 2.84

5 - 2.84 - 2.16 - ,0395 radians; Ci = 2 = .247

Pr, 6. Thv graphical method gives 2.8

Pr. 9, L - P(p/2)5 27ra 30/16 X .9 X 6.28 X .105 - 33.4

Pr, 10, Finite velocity at both ends requires a symmetrical flow of

y.cro lifl
; i.e., no circulation flow. From the solution of Problem S

we sec that this condition occurs at 2.84.

FT. II. Down.

Pr, 12. a IH halved and S doubled, L -
#S27ra constant.

Pr. 13* 2*u*

Pr. 14. This fuel may be seen by a consideration of the velocity dis-

tribution of the transverse and circulation flows the velocities add

at the stabilizer and subtract at the elevator.
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Chapter V

Pr. 2. Z>i = Za; = 43 lb.

Pr. 3. V = \/&2+ 4Wi/r =
1/900

+ -:

j~~
- 33

""""
3.1

><= 2,400 X.0588 = 142 Ib.

Pr. 4. L = = X
f-J

X 150 X 6.28 X .0348 - 290 II,.

1,200(1 + 10/25)840

X 125 x 6.2

= 10.3 final.

1,200(1+ 10/30)840 _ . ooo
ao= 10&X150X"0.28'--

143 " 8 -2

10.3 - 8.2 = 2.1 increase.

Pr. 6. ao is increased by 25% or 2.1.

Pr. 7. Both increased 25%; 2.5, 54 Ib.

Pr. 8. From Figure 11, when e/c= .25, atg/$=.60; <,=,(5x3
1.8.

a' = 1.8 + 1 = 2.8 = .049 rad.

X X 40X 6 '28X -040 - 82 lb '

Pr. 9. a = 4 (stabilizer) + 1.8 (elevator)
- 4 (downwash) = 1.8

L = 82 X 1.8/2.8
= 52.7 lb.

Pr. 10. 1 + 2S/&
2 = 9/5 X .9; b = 11.4 ft.

500/360

17
X

1 + 4/14.5

= 4.9

3 _ 4.9 = _ i.9
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Chapter VI

Pr. 1. 1,600x8/60 =213 ft/sec.

Pr. 2. 140 X 60/8 = 1,050 r.p.m.

_
, S/& ( F ZM (10X11)/(1

Pr. 3. v =
j + 5/

, . Dv/p \y
- v

)
-

j + n/120

X lOr - 140 = 19.5 ft./sec.

Pr. 4. T = 2D(r/4) (F+ v)vp
= 2 X 100 X .785 X 160 X 19.5/420

= 1,190 Ib.

Pr. 6. T = 1,190/2 = 595; tf = 352/2 = 176 HP.

11/C12X9) /WxQ- 14^ 7' 0=
H-ll/(12x9) X 9x/8V60

X^- 14

= 26.5 ft/sec.

J = 2 X 81 X -785 X 166 X 26.5/420 = 1,330 Ib.

Pr. 8. v(V+ )
= 19.5 X 160 = 3,120 originally;

3,120 X 1,750/1,190
- 4,590 finally.

(140+ )
- 4,590; = 27.4 finally.

r.p.m./60
- 140/8 = 9.2 originally; 9.2 X 27.4/19.5 - 12.9

finally.

r.p.m.
= 60(12.9+ 17.5) = 1,825 r.p.m.

60-53= 7 ft/sec.

Pr. 10. D*(V + v)v = constant; (V+ v)v
- 3,120 originally;

3,120 X (3/S)
2 - 1,120 finally; ?i(140 + )

= 1,120;

?; = 7.6 finally.

^ -
i-l/v

-
1 -

= 176
'
000 = 32 HP" a

of 32 HP., 9.1%.
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Chapter VIII

Pr. L The drag per foot is doubled.

Pr. 2. Velocity 100V~2 = 141 mi./hr.

Pr. 3. V2/1, since the drag is the same.

Pr, 4. D'F' = >F; F'/F = D/D'
iy D/2- (F'/F)

2 = Z>/2
-

IF//)'
2
,
or #' - /V^S - .794D

Thus drag, and lift, must be reduced 20.6%.

Pr. 5.

Pr. 6. R= WA-x 88X10X50X144- 9,500,000

Pr* 7. P =
fji/p; since ju is constant, v varies as 1/p

Pr. 8. Ten times normal, or 1/42 Ib. sec.
2
/ft*

Pr. 9, Five times normal, 1/84 Ib. sec.
2
/ft.

4

Pr. 10. Section 60 shows that since Reynolds Number is the same

in the two cases, the pressures are proportional to the square of

the velocity, and the air force varies as A F2
. Since R and v are

given constant, it appears that VI, and hence A V\ are constant;

so the air force is constant.

Pr. 11. R = Vljv - 80 X 10 X 50 X 144 5,760,000, '^/R - 22.5

CP .074/22.5 - .0033; F - C*gS - .0033 X 6400/840 X 8

.20 Ib.

Pr. 12. Rf -
2J2; C/ - t/2Cff }

Ff - 2-^2; F - 2.30; F - .46 Ib.

Chapter IX

~ D 840X11

Pr. 2. The drag per foot will be double, or 1.2 Ib,

Pr. 3. PVD-V*V*p/2-SCi>
L - F2

p/2 SCj constant; thus Cj& varies as 1/P, and

varies as Co/C^
_ ., I 840X6 -
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Pr. S. Moment about leading edge = M = CmqSc
Normal force = N = CnqS
Arm = M/N = Cm/Cn c, Q. E. D.

Pr. 6. CDi = Ci2A 5/6
2 -

.64/67T = .034

CV= .64/47r= .051

CD = .1-.034 +.051 = .117

Pr. 7. 1.0<? =,
.07ZT-; 2? = 3.8^

Pr. 8. ?=i/Ci5=2,000/(1.4x 400) = 3.57 lb./ft.
2

V- = 3.57 X 840; V = 55 ft./scc.

Pr. 9. CB,- varies as C^2
; Cz, varies as 1/F; hence Cj>i varies as

Q. E. D.

2
Pr. 10.

17 .83
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(Page numbers preceded by an asterisk refer to the synopses}

Abscissae for lift computation, 80

Abscissae for moment computation,
82

Absolute coefficients, 141

Absolute derivatives, 7

Acceleration of particle, 8

Addition of complex numbers, 49

Additional apparent mass, 17 (See
also "Mass")

Advanced subjects, 117, *136

Aerodynamics, 3

Aileron, 104

Air,

.density of, 3

flow, deflection of, 121

force, coefficient, 141

measurement of, ISO, *170

friction, 3, 137, 143, *147

incompressible, 3

pressure, 11

Airplane, 61 (See also "Wing, sec-

tion")

Airship,

bending moments on, 40

blunt, 29

bow, 31, *4S, 123, 179

circular flight of, 24

drag data, 153, *170

elliptic sectioned, 39, 41

fin lift, 38, 153

forces, 20, 26, *44, ISO

gusts acting on, 41

hull, 20

L-70, drag, 152

moment on, 22, 153

pressure distribution over, 31, 37

Airship (Continued)

stability of, 22, 43

yaw in turning, 40

Altitude,

influence on gust forces, 41, 42

variation of atmospheric pres.suie

with, 3, 8

Anemometer, 151

Angle of attack, 66, 162, -179

effective, 92, 98, *108

equivalent, 67, 71, 75, *86

geometric, 92, 98

induced, 93, 98, *108, 159, *170

local, 67

Angle of turning airship, 40

Angle of yaw, 179

Angular velocity of particle, 7

Aperture, 12

Apparent mass, 17 (See also

"Mass")

Apparent moment of inertia, 24

Application of Munk's integral, 73

Archimedes' law, 6

Aspect ratio, 159, 179

Atmospheric pressure, variation of,

3,8

B

Bending moments on airships, 40

BernouiUi's theorem, 12, 70

Betz, 117

Biot Savart's rule, 120

Biplane,

apparent mass, 85, *109

aspect ratio, 159

effective span, 108, *109

191
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Biplane ( Continued)
induced drag of, 107, *109

wing, 83

Blade elements, propeller, 113

Blunt airships, 29

Boundary conditions, IS, 47

Boundary layer, 139

Bow, airship, 31, *45, 123, 179

British Advisory Committee for

Aeronautics, 43

Buoyancy of air particle, 8

Burble point, 163

Calculus of variation, 133

Cartesian coordinates, 6

Center of pressure, 69, 72, 156

airship fins, 155

biplane, 84

fixed, 69

general wing section, 71

straight line section, 69

symmetric section, 69

Circle,

apparent mass of, 26

maximum velocity, 34

potential flow around, 19

Circular cylinder, 26

Circular path, airship in, 24

Circular-sectioned airship hull, 23,

38

Circulation flow, 59, *62, 65, 120

Coefficient,

absolute, 141

additional mass of ellipsoids, 35

air force, 141

drag, 152, 156, 159, *170

lift, 67, 156, 159, 165, *170

moment, 73, 156

normal force, 156

power, 168

surface friction, 146

tangential force, 156

thrust, 167

Coefficient ( Continued)

torque, 168

values of, 153, *170

Complete wing, 89, 98, *108

Complex function, 50

Complex numbers, 47, 48

Compressibility effect, 147

Compressible fluids, 13

Condition,

incompressibility, 13

Kutta's, 65, 83

of continuity, 14

Constant downwash, 95

Constant pitch, 115

Continuity, 14

Correction factors,

for blunt hull, 29

for wind tunnels, 117, 128, *136

Couple, resultant of airship hull, 22,

*44

Creation of induced drag, 93

Cross-section of airship, pressure

around, 37, *44

Cylinder,

circular, 26

rotating, 140

Damping moment of airship fins, 40

Deceleration tests with airships, 150

Deflection of air flow, 121

Density,

of air, 3

of lift, 91

for minimum wing drag, 97

of propeller thrust, 130, 134

Derivatives, 7

Determination of lift and moment,
77

Diagram,
of airship forces, 30

of wing forces, 157

polar, 157, *170
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Diameter, propeller, economical, 134

Differential equation, partial, IS

Differentiation of complex functions,

SO

Disc, propeller, 112

Displaced elevator, lift of, 74

Distribution, ^
of airship forces, 26

J

of lift, elliptical, 97

Divergence, 14

Downwash, 89, *109

constant, 95

Drag, 179

airship data, 1S3

coefficient, 152, 156, 159, *170

friction, 145

induced, 93, 98, *109, 159, *170

minimum, lift density for, 97

of airships, 153, *170

parasite, 168

viscous, 93

Durand, W. F., 168

Dynamic pressure, 12

Dynamics of solids, 4

E

Economical propeller diameter, 134

Edge,

leading, 64, 66

trailing, 64, 66, 74

velocity, 59

Effective

angle of yaw of airship, 40

angle of attack, 92, 98, *108

fin area, 38

pitch of propeller, 113

propeller blade size, 113

Efficiency, propeller, 112, *115, *170

Elasticity of solids, 3

Electric potential, 10

Elementary flow of straight line, 58

Elevator, 74, 165, 179

Ellipsoid, 31

of revolution, 35

table of apparent mass of, 35

Elliptical airship section, 39, 41

lift distribution, 97

wing, 99

Elongated ellipsoid of revolution, 36

Energy, kinetic, 16

Equation of continuity, 14

Equilibrium,

fictitious, 5

of solids, 4

Equivalent angle of attack,

integral for, 68

for lift, 67, *86

for moment, 71, *86

of displaced elevator, 75

Equivalent propellers, 115

External forces on air, 8

F

Factor, shape, 141

for airship hull, 29, 35

Factor for induced drag, 92

reduction of lift, 102, *109

moment, 103, *109

Fictitious equilibrium, 5

fluid, 118

Fins, airship, 21, 38, 45, 153

Flettner rotor, 140

Flexible straight line, 54

Flow (See also "Potential flow,"

"Two-dimensional flow")
around straight line, 52

circulation, 59, *62, 65, 120

created by hull, 23

potential, 13, 19, 47

Fluid,

compressible, 13

fictitious, 118

perfect, 3

Forces,

air, 150, *170

airship, 20, 26, *44, 150
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Forces ( Continued)

impulsive, 16

in pairs, 4

mass, 5

propeller, 167

wing, 155, 157

Fourier's series, 48, 56, *62, 99, 105

determination of constants, 56

Free fall, velocity of, 12

Friction,

air, 3, 137, 143, *147

coefficient of air, 146

drag, 145

modulus of air, 143

of solids, 4

propeller air, 131

surface air, 145, *148

Fuhrmann, 125

Function,

complex, 50

potential, 48, 51

velocity, 51

Gap, 179

Gauss ('s), 77

rule, 79

Geometric angle of attack, 92, 98

interpretation of complex numbers,
49

Gradient, 8, 10, 51

Graphical determination,

of lift, 77, 82

of moment, 77, 82

Gravity, 8

potential, 10

Gust,

airship in, 41, 43

vertical, 44

Gyroscope, 17

H

Helicopter, 113

Helmholtz, 10, 118

Hull, airship, 20

circular section, 23, 38

pressure distribution, 31, 37

Hydrodynamics, 6, *9

Imaginary numbers, 47, 48

Impulsive force, 16

moment, 16

pressure, 11

Incompressibility of air, 3

condition of, 13

Incompressible fluids, 147

Induced angle of attack, 93, 98, *108,

159, *170

drag, 93, 98, *109, 159, *170

curve, 159

factor, 92

minimum, 94

parabola, 159, *170

of biplane, 107, *109

of monoplane, 97

Induced rolling moment, 104

Induced yawing moment, 104

Induction factor,

for lift, 102, *109

for moment, 103, *109

Infinite velocity, 53

at edge, 59

Instability of airships, 22, 43

Integral,

for lift, 68, *86

for moment, 71, *86

Interference of biplane wings, 84

Joukowsky, 117, 125

Karman vortices, 117, 125

Kinematic modulus of viscosity, 143,

146
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Kinetic energy,

computation of, 16

of flow, 15

around straight line, 55

Kutta's condition, 65, 83

Lamb, H, 24, 31, 39

Laminar flow, 138

Laplace's equation, 14, 47, 51

Leading edge, 64, 66

Lift, 179

coefficient, 67, 156, 159, 165, *170

computation of, 66, 67, 77, *86

density of, 91, 98

elliptical distribution of, 97

from circulation flow, 61, *62

integral, 68, 86

reduction of, 102, *109

Lift-drag diagram, 157, *170

Line (See "Straight line")

Local angle of attack, 67

Local derivatives, 7

Longitudinal projection of wing, 90

Losses, propeller, 131

M

Magnetic force lines, 119

Magnetic potential, 10

Mass, additional apparent, 17

of airship hulls, 23, 124

of circle, 26

of cylinder, 26

of ellipsoids, 35

of pair of lines, 85, 107

of sphere, 34

of straight line, 53

Mass forces, 5

Maximum pressure, 12

Maximum velocity,

at circle, 34

at ellipsoid, 33

at sphere, 34

Mean curve of wing section, 66

Measurement,

of air forces, 150, *170

of pressure, 13

Minimum induced drag, 94, 98

Minimum propeller loss, 130

Model rules, 140, 142, *147

Model tests, 153, 155

Modulus,

of friction, 143

of kinematic viscosity, 143, 146

Moivre's formula, 50

Moment,

airship hull resultant, 22, *44, 153

coefficient of, 73, 156

computation of, 77, *86

impulsive, 16

integral for, 71, *86

of inertia, apparent, 24

reduction of, 103, *109

rolling, 104, 107, *109, 166

wing, 104, 107, *109, 166

wing section, 69, 77, *86

yawing, 104, 107, *109, 166

Momentum of flow in various direc-

tions, 15, 21

Monoplane, induced drag of, 97

Multiplane wing, 83, 107

Multiplication of complex numbers,

49

Multiplier,

Gauss' rule, 79

lift computation, 79

moment computation, 82

Hunk's integrals, 68, 71, *86

N

National Advisory Committee for

Aeronautics, 121, 177, 178

Negative source, 122

Newton's law, 9, 150

Normal force, 156
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Numbers,

complex, 48

imaginary, 47

Numerical determination of lift, 77

moment, 77

Observation in wind tunnels, cor-

rection for, 128

One-source airship bow, 124

Open-jet wind tunnel, 130, *136

Ordinates of wing section, 77

Pairs of forces, 4

Parabola of induced drag, 159, *170

Parabolic wing section, 73

Parameter, Reynolds', 144

Parasite drag, 168

Partial differential equation, IS

Particles, air, 168

Perfect fluid, 3

Physical interpretation of circula-

lation flow, 61

velocity potential, 11

Pitch,

constant, 115

effective, 113

Point source, 122

Polar coordinates, with complex

numbers, 49

Polar diagram, 157, *170

Potential, 10

gravity, 8

velocity, 6, 10

Potential flow,

of circle, 19

of compressible fluids, 13

of ellipsoid, 32

of straight line, 47, *62

Potential function, 48, 51

Power absorbed by helicopter, 113

coefficient, 168

propeller, 113, *115

Prandtl, 139

Pressure, center of, 69, 72, 156

distribution of,

over airship bow, 31, *44

over airship section, 37, *44

over ellipsoid, 32

dynamic, 12

impulsive, 11

maximum, 12

static, 12

total, 12

variation of atmospheric, 3, 8

Propeller, 111, *115

disc, 112

economical diameter of, 134

effective blade size of, 113

efficiency, 112, *115, *170

equivalent, 115

forces, 167

minimum loss, 130

pitch, effective, 113

power, 113, *115

slip curve, 168

slip velocity, 114, *116

theory, 111, *H5
thrust, 114, *115, 168

distribution, 130

tip loss, 147

R

Real number, 48

Reduction,

of lift, 102, *109

of moment, 103, *109

Resultant couple of airship hulls, 22,

*44

moment of airship hulls, 20, *44

Reynolds',

law, 142, *148

number, 144, *148

Rolling moment, 104, 107, *109, 166
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Rotating straight line, 63

Rotation, 6, 118

absence of, 9

of slipstream, 112, 130

Rotor, Flettner, 140

Rudder of airship, deflection of, 40

Scale effect, 144

Series, Fourier, 48, 56, *62, 99,

105

Shape factor, 141

Similar flows, 142

Similar hull sections, 38

Sink, 117, 121

Size of airship fins, 38

Slip curves, propeller, 168

Slip ratio, propeller, 168

Slip velocity, propeller, 114, *116

Slipstream, 111

rotation, 112

Solid,

dynamics of, 4

inequilibrium, 4

Sound, velocity of, 147

Source, 117, 121

superposed on parallel flow, 123

Span, reduction of lift caused by

finite, 102, *109

Sphere,
maximum velocity around, 34

potential flow around, 18

Square law, 140, *147

Stability,

of airship, 22, 43

of Karman vortices, 127

Stabilizer, 165

Stagger of biplane, 84

Static pressure, 12

Statics, 5

Straight line,

apparent mass of, 53

pair of, 85, 107

circulation flow around, 60, *62

Straight line (Continued)

elementary flow of, 58

flexible, 54

potential flow of, 47, 52, 60, *62
transverse flow of, 52, *62

wing section, 69, 73

Streamline, 12, 119

split, 123

Streamlined bodies, 138

Strut, 179

Superposition, 21, 49, 99

of potential, 15

of sources, 125

Surface,

friction, 145, *148

layer, 139

Symbols, xi

Symmetrical wing section, 80

center of pressure of, 69

Tangential force, 156

Thickness effect on wings, 165

Thrust,

coefficient of propeller, 132, 167

distribution, propeller, 130

propeller, 114, *115, 168

Tip loss, propeller, 147

Torque coefficient, 168

Total pressure, 12

Trailing edge, 64, 66, 74

vortex, 120

Transverse flow, 53, *62

of wing, 93

Travel of center of pressure, 69, 156

Trefftz, 126

Turbulent flow, 138, *148

Turned down velocity function, 52

Turning airship, 24, 26, 40

Two-dimensional flow, 15

around circle, 19, 26

around straight line, 47, 52

of complete wing, 90

of wing section, 64
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Variation,

calculus of, 133

of atmospheric pressure, 3, 8

Vector, 49

Velocity,

angular, of particle, 7
as gradient, 10

edge, 59

function, 51

influence on airship forces, 43

measurement of, 13

of free fall, 12

of sound, 147

potential, 6, 10

physical interpretation of, 11

Vertical gust, 44

Viscosity of air, 3

Viscosity modulus, kinematic, 143,

146

Viscous drag, 93

Volume of apparent mass, 17

Vortex, 117, 118

Vorticity, 118

W
Wake,
behind blunt shapes, 137

behind wing, 90

Water flow through aperture, 12

Whirl, 138

Wind tunnel, 179

correction, 117, 128, *136

Wing, 179

complete, 89, 98, *108

diagram of forces on, 157

elliptical, 99

flow, Kutta's condition of, 65

force on, 155, 157

front view of, 90

model tests with, 155

moments of, 104, 107, *109, 166

multiplane, 83, 107

section, 64, *86

center of pressure of, 69, 71

lift and moment of, 76, 77, *86

mean curve of, 66

ordinates of, 77

symmetrical, 69, 80

Yaw angle of turning airship, 40

Yawing moment on wing, 104, 107,

*109, 166

Zeppelin airship,

L-70, 152

drag, 153

Zero,

lift, 79

moment, 164

thrust, 114


